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Comparative Study of a Discrete Linear Basis
for Image Data Compression

ROBERT M. HARALICK, MEMBER, 1EEE, AND K. SHANMUGAM, MEMBER, IEEE

Abstract—Transform image data comln'essioh consists of dividing the
image into a number of nonoverlapping subimage regions and quantizing
and coding the transform of the data from each subimage. Karhunen—
Lodve, Hadamard, and Fourier transforms are most commonly used in
transform image compression. This paper presents a new discrete linear
transform for image compression which we use in conjunction with
differential pulse-code modulation on spatially adjacent transformed
subimage samples. For a set of thirty-three 64 X 64 images of eleven
different categories, we compare the performancoﬁ of the discrete linear
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transform compression technique with the Karhunen-Lodve and Hada-
mard transform techniques. Our measure of performance is the mean-
squared error between the original image and the reconstructed image.
‘We multiply the mean-squared error with a factor indicating the degree
to which the error is spatially correlated. We find that for low compression
rates, the Karhunen-Loéve outperforms both the Hadamard and the
discrete linear basis method. However, for high compression rates, the
performance of the discrete transform method is very close to that of
the Karhunen-Loéve transform. The discrete linear transform method
performs much better than the Hadamard transform method for all
compression rates.

I. INTRODUCTION

HE OBJECTIVE of efficient compression (codmg) of
image data is to remove the redundancy from the
image in transmission across a digital communication link.
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Two important classes of compression schemes that make
use of the spatial correlation of image elements are the
differential pulse-code modulation (DPCM) schemes and
transform compression techniques. DPCM techniques are
based on the principle that it is more efficient to code the
difference between the gray-tone values of adjacent image
elements than the actual values because of the high correla-
tion between the gray-tone values of adjacent image ele-
ments. In transform data compression the mathematical
transform of the imagery data from nonoverlapping sub-
image regions is taken and the transform coefficients which
contain a significant portion of the image energy per unit
area are coded and transmitted. The reconstruction of the
imagery is done using the decoded values of the transform
coefficients and the appropriate basis vectors which were
used in transforming the data.

The idea of linear transforms and block quantization was
suggested by Huang and Woods [1], [2]. Various linear
transform techniques include the Fourier, Hadamard, and
Karhunen-Loéve transforms. Fourier, Hadamard, and
“slant” transforms have been studied in detail by Pratt ez
al. [3], [4]. Habibi and Wintz [5] have compared the
performance of Hadamard, Fourier, and Karhunen-Loéve
transforms on a set of four 256 x 256 pictures at 0.5, 1.0,
and 2.0 b/picture element.

An adaptive version of the transform data compression
technique was investigated by Tasto and Wintz [6] and a
comparison of the performance of DPCM and transform
techniques may be found in [7]. There is an excellent
summary of transform coding techniques by Wintz [8].

The general consensus of the previous studies on image
data compression techniques is that the Fourier and
Hadamard transforms provide adequate domains for coding
even though their performance is inferior to those obtained
by the Karhunen-Loéve transform. However, the fast ver-
sions of the Hadamard and Fourier transforms prov1de
considerable simplification in implementation.

We present a new discrete linear basis (DLB) for trans-
form data compression which offers some of the computa-
tional advantages of the Fourier and Hadamard transforms
without sacrificing the performance compared to the
Karhunen-Loéve transform. The basis vectors are cal-
culated a priori, as in the Hadamard and Fourier transforms,
and a fast implementation of the DLB transform is also
possible.

In much of the earlier work on transform data compres-
sion, the transformed samples of the imagery data from
spatially adjacent subimage regions were quantized in-
dependently using the simple Max’s nonuniform quantizer
[9] or a sophisticated coding scheme such as the Huffman
code. We found that while the transformed samples of data
from one subimage region were uncorrelated, in general
there was high correlation between transformed samples of
data from two spatially adjacent subimages. Hence we used
a differential coding scheme to remove some of this re-
dundancy in transform samples from adjacent subimages.
The use of a DPCM scheme on the transformed samples

was first suggested by Haralick ez al. [10]. Recently, Habibi
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[11], [12], and Arisana and Kanaya [13] have also pre-
sented results on various possible ways of using DPCM
systems to quantize transformed data.

We compared the performance of the DLB transform
with that of the Hadamard and Karhunen-Loéve transform
techniques on a set of thirty-three 64 x 64 images using a
subimage size of 4 x 4. For the subimage size we had
chosen, which was recommended by Wintz [8], the Fourier
transform does not offer any significant improvement in
performance over the Hadamard transform, and hence we
did not consider the Fourier transform in our studies. In
addition to using the mean-squared error and subjective
picture quality as measures of performance, we also used a
correlated error measure for comparing the performance of
the DLB transform with the Karhunen-Loéve and Hada-
mard transforms. Based on the comparative performance
on the set of 33 images, we conclude the DLB transform
offers a good tradeoff between the ease of implementation
of the Hadamard transform and the superior performance .
of the Karhunen-Loéve transform.

II. TRANSFORM IMAGE DATA COMPRESSION

Since transform image data compression techniques have
been studied in detail by a number of investigators, only a
brief outline of the technique will be presented here. The
first step in implementing a transform data compression
technique is to divide the M x M image into a set of non-
overlapping subimages (or windows) of sizen x n,n < M.
If we interpret an n x n subimage as a point in an n2-
dimensional space where each of the n? coordinates corre-
sponds to one of the n? pels in the subimage, then the image
is a collection of k, k = (M/n)?, vectors of dimension n?.
We will let N denote the value of n?, and X,,X,, - - X, the
collection of the data vectors from k nonoverlapping
windows in the image.

The second step in transform image data compression is
to project the N-dimensional data into an r-dimensional

subspace using a set of r basis vectors V,,V,,---,V.. The
Jth projection of the data vector X; is given by .
Yij = VjTXi @

where V,T =
basis vector.

The r projections of each of the data vectors X; are coded
independently and the code is transmitted over a binary
channel to the receiver. The reconstruction of the data
vector X; at the receiver takes place using the decoded
values §;; of y;; according to

= jgl .9ijVj (2) |

(Vj1,Vj2," - -,Vjx) is the transpose of the jth

where X, is the reconstructed value of X;.

If we have a noise-free channel, then there are two sources
of error in a transform image coding scheme, namely, the
truncation error and the quantization error. The truncation
error can be reduced by a suitable choice of the basis vectors
and the number of projections used, and the quantization
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error can be reduced by the use of an efficient coding
scheme for the projections.
In the principal components method of transform data

; .- compression, the basis vectors are comprised of the r eigen-

vectors of the sample covariance matrix of X;,X,, X,
corresponding to the r largest eigenvalues of the covariance
matrix. In the Hadamard transform method the projections
onto the r lower sequency Walsh functions are used. Com-
_plete details of these procedures may be found in [8].

In much of the earlier work in transform image data
compression, the projections of the data vectors have been
coded independently. The number of bits ass1gned to the
Jjth projection is either proportional to the variance of the
projection or proportional to the logarithm of the variance
- of the projection. Bit assignments proportional to variance
seem to yield better pictures [5]. Other variations in the
quantization (coding) procedure may be found in [8].
.. Using an adaptive version of the Karhunen-Loéve trans-
form with different Huffman coding for each projection,
Tasto and Wintz [6] have proposed a codmg scheme whose
mean-squared-error performance nearly attains the upper
bound on the rate-distortion function [14], [15] for discrete
ergodic sources with memory.

The selection of a particular set of basis vectors for
transform image coding can be justified if the image in-
formation lost in using the set of basis vectors with the
associated quantizing procedure can be quantified by a
measure of distortion. At this point, mathematical tract-
ability seems to dictate that the distortion measure be of the
mean-squared-error type. For Gaussian sources it is pos-
sible to specify the minimum bit rate R for a fixed mean-
squared-error D parametrically as [15]

1 A
R(D) = Y -log, =
Ai>e 2
> Aise

"~ where A; are the eigenvalues of the covariance matrix of
the source random process. This optimum performance can
be approached by applying the Karhunen-Loéve (principal
components) transformation and quantizing the transform
coefficients separately. In spite of some of the simplified
procedures suggested [16] for finding and implementing
the Karhunen-Loéve transform, the fact that the procedure
- is image dependent makes it computationally complex, and

-this has restricted its use.

Fortunately, the Karhunen-Loéve expansion for a dis-
crete sample of a stationary process is approximately given
by a Fourier expansion. Also, there is experimental evidence
that replacing the finite Fourier matrix with the Walsh—
Hadamard matrix does not result in a serious degradation
[17], [18]. Hence, the Fourier and Hadamard transforms
have been widely used. Another factor in favor of their use
is their ease of implementation. For a subimage sizen x n,
the Hadamard transform requires 2n? log, n* operations as
compared to 2a* operations requlred for the principal
components transformation.
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ITI. DiscRETE LINEAR TRANSFORM
Basis Vectors

The basis vectors which define the new discrete linear
transform are generated by requiring that 1) the N vectors
Vi,Va,***,Vy € RY be mutually orthogonal; 2) the com-
ponents of the vectors be integer valued with no common
factors; and 3) each vector be either odd or even

a
V _ a . even, ifa, = aN+1_i, i= 1 2 * ",N
- ; Odd ifai = —aN+1_i, l = 1 2 N
an

We suggest one way to generate such a basis. First, let us
consider generating the even vectors. Let

if N is even

0|z

1 ifNis odd.

There will be a total of [N/2] even vectors in the basis. We
begin by taking all of the components of the first even
vector to be unity. Suppose we have generated even vectors
Vi,V3," * *,Vi—1; then we generate ¥, as follows. Let

a

a;

a2
4N/21

if N is even

]|, if Nis odd.

a

a4
We require that the components of V; satisfy the following
[N/2] — k constraints:

ra, — 8@ = ra@; — 8@y = " = ra[lel_k+1 - sa[N/Z].

3)

In addition to (3), we require that V, be orthogonal to
Vi,Va,* * *,Vi—1. Hence we have a total of [N/2] — 1 con-
straints on the [N/2] components of V,. We can use the
one remaining degree of freedom to make the components
have integer values without any integer common factor.
We know we can do this since we require the [N/2] com-
ponents to satisfy [N/2] — 1 linear equations having in-
teger coefficients. Therefore, besides the irrational solutions,
there are an infinite number of rational solutions. We can
take any one of these solutions and multiply out the
denominators to obtain the integer-valued vector.
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Now we consider the odd vectors. Let

N . .
, if N is even

2
N-1

. if N is odd.

There are (N/2) components to be determined for any odd
vector. Suppose we have generated odd vectors Wy, --,
W - 1. We generate W, as follows. Let

if Nis odd

, if N is even.

Require

= rbyzy-x+1’

and that W, be orthogonal to W,,W,,--:,W;_,. These
requirements represent (N/2) — 1 constraints. Since there
are (N/2) components to be determined, we have one
degree of freedom left, and we can use this degree of free-

rby — sbyyy = rby — sbpyy = -+

dom to make the components have integer values without.

any integer common factor. The N basis vectors generated
using the previous procedure are then rearranged such that
the first basis vector has no sign changes (sequency 0),
the second vector has one sign change (sequency 1) and so
on. That is, the basis vectors are arranged in the ascending
order of their sequencies. Although we have not proven it,
we have conjectured that the procedure generates basis
vectors having sequencies 0 through N — 1, one basis
vector per sequency. Withr = 1,5 = —2, and N = 4, the
four basis vectors are

1 3 1 1
1 1 -1 -3
1 -1 -1 3
1 -3 1 -1
The five basis vectors for N = S(withr = 1, s = ~1 for
even vectors, and r = s = 1 for odd vectors) are
1 2 1 —1 2
1 1 0 2 -3
1 0 —2 0 2
1 -1 0 -2 -3
1 2 1 1 2
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Withr = 1, s = 1, and N = 8, the eight basis vectors are

fum—y
n

o et et et et e bt
N

For certain values of r and s, some of the basis vectors
of the DLB transform are the same as some of the basis
vectors of the slant transform (which is defined for values
of N equal to integer powers of 2). In general, however, the
basis vectors of the DLB transform and slant transforms
are different.

Implementation of the DLB Transform

The projection operations and the reconstruction for the
DLB transform can be implemented directly using (1) and
(2). The number of operations required for computing all
the N projections for a data vector in R" is 2N?, which is
the same as the number of operations required for im-
plementing the Karhunen-Loéve transform. However, this
is considerably more than the 2N log, N operations re-
quired for implementing the Hadamard transform. It is
possible to reduce the number of operations required to
obtain the DLB transform by using a fast algorithm,
described below.

The fast algorithm is based on the principle that the basis
vectors for RY can be represented by taking the proper dot
products of the basis vectors of two lower dimensional
subspaces R¥* and R":, where N, and N, are such that
N = N\N,. Let U = (uy,uy,"-,uy)" and ¥V = (vy,05,*°,
vy,)T be two vectors of dimension N; and N,, respectively.
Then we can define a product vector of dimension N, N, by
UV = (uy01,u,05," "

sU U U0 ,UR05, " * sl UN,, " " %y

. #NJ’N,)T- @

Suppose we have a set of vectors U;,U,,--,Uy, which
form an orthogonal basis for RM!, and a set of vectors
V1,Va,** +,Vy, which form an orthogonal basis for R”’
then we can define a set of product vectors

{UiVj i=1.2,-

as defined in (4). We will show that {U,V;} is an orthogonal
basis for R¥N2 and by repeated construction we will
develop a fast algorithm for the DLB transform which will

uval, i

'aNl;j = 1’2"' ° "NZ} .
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require a considerably smaller number of operations than
the 2N2 operations required by the direct implementation.

Lemma: Let {X,X,,--,Xy,} be an orthogonal basis for
R"t and {Y,,Y,,"--,Yy,} be an orthogonal basis for Rz
Then {X;Y;li= 12, --,N;;j=12,---,N,} is an or-
thogonal basis for RV1V2,

Proof of this lemma is given in the Appendix.

We will now develop a fast algorithm to represent an
N-dimensional vector V in terms of the product vector of
the basis vectors in lower dimensional spaces. Let N =
N,N,---N, and let {X¥|i = 1,---,N,} be an orthogonal
basis vector for N,. Then, by successive application of the
preceding lemma,

B={X;Xi, - Xp|iy =1,

1

.1N2; i2 = 11”.,

is an orthogonal basis for R¥. The usual way to represent
V, V = (vy,v,, - -,05)7 in terms of basis B is to take the
dot product of ¥ (projection of ¥) with each of the vectors
in B. This requires (N;N, - -+ N,)? operations of addition
and multiplication. We can reduce the number of add and
multiply operations to (N; + N, + N) x N;N,--- N, by
" the following algorithm.

Consider the calculation of w;, ;,,...,;, the dot product
of the vector ¥ with the basis vector X}, X2,--- Xk, for
all iy,i,,- ;. For simplicity in calculation, we use a k-
dimensional indexing notation on the NN, --- N, com-
ponents of the vector V. The components of ¥ will be
denoted by v with a k-dimensional index. An index of
(J1sJ2>* * *»Ji) on v means the component

Ur— DNoN3 Ny + 2o+ (omz = DNy N,
' + (k-1 — DNg + ji
We begin with

Ny N2 Ni . ;
_— . 11 2,00
Wi, oo = E XJIXIz
J1=1 j2=1 Jx=1
X'."v .
JxTtsd2 ik
Ny ; N2 . N ;
—_ 1 B2...
- Z X.i: Z X.iz Z X.i:v.in,.iz" skt
=1 Jj2=1 Jx=1

(6
Now, to determine
Nx

ij=1 X\0jrjos- o
for each i,j;,j5,"*,jx—1 requires N, add and multiply
operations. There are a total of (N;N,N, -+ N,_,)N, add
and multiply operations. Let v denote the last

J1.J22 c  Por~1

summation on the right-hand side of (6); then
Ni ; N2 . N1
o— i . e
Wi i - o = Z X.i: Z X.i: Z v.ll"‘n,fz" C k-1t
1=1 Ja=1 Jrk-1=1 '

Q)

Now, to determine the value of the last summation on the
right-hand side of (7) for each i _,ik,j15/1502," * *sJi—2 TE-
quires N,_, operations and there are a total of (N,_,N,N,
***Ng_2)N;-, add and multiply operations. Continuing
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this reasoning, there are k summations. The /th summation
requires (N;N;, -+ - NyN,N, - - - N,_ )N, operations. Hence
the total number of add and multiply operations required is

k
T = 121 (NiNyyq o2 - NyNiNy - Ni_ N,

= NNz *NJ)N; + N, + -+ Np). (3)

Let us now compare the number of operations required
for different transforms for N = 16 (subimage size 4 x 4).
The number of operations required for obtaining the
Karhunen-Loéve transform is 512. The number of opera-
tions required for the Hadamard transform will be obtained
from (8), withk = 4, N, = N, = N; = N, = 2, as 128,
noting that there are no multiplication operations in ob-
taining the Hadamard transform. If we implement the DLB
transform using the four vectors given in the previous
section, the total number of operations required can be
obtained from (8), with k = 2, N; = 4, N, = 4, as 256.
These 256 operations for the DLB can be carried out in
integer arithmetic, whereas the 512 operations for the
Karhunen-Loéve transform must be done in floating point
arithmetic since the eigenvectors have components with
irrational values. Also, the Karhunen-Loéve transform
requires eigenvector computations. Hence it can be seen
that the DLB transform is computationally much simpler
than the Karhunen-Loéve transform. However, it requires
more operation than the Hadamard transform.

The DLB transform has considerable advantages over
the Karhunen-Loéve transform and the Hadamard trans-
form for subimage size 6 x 6 for which fast Hadamard
transform does not exist. If we implement the DLB using
k = 2, Ny = 6, N, = 6, the number of integer operations
required is 864. The Karhunen-Loéve transform requires
2592 floating point operations.

IV. QUANTIZATION PROCEDURE

After the N picture elements in each n x n subimage

_region have been transformed into r < N projections, each

projection must be quantized and coded. Many quantization
procedures have been suggested in the past. These pro-
cedures are designed to minimize the mean-square error in
quantization or to improve the subjective picture quality
by coding only those projections which correspond to the

" spatial frequencies to which the eye is most sensitive. All

of these procedures, however, quantize the projections of
data from a subimage region independent of the projections
of data from another spatially adjacent subimage region.
We suggest a differential quantizing scheme to remove the
redundancy in the projections of data from spatially
adjacent subimage regions.

Consider a sequence of projections Y,, Y5, - -, Ygs, Which
are projections of data vectors X,,X,,- - -, Xy onto the kth
basis vectors. If the data vectors X,,X,,--, X are from
spatially adjacent subimage regions, then the sequence of
projections  Yy,,Y,,, -, Yy, will be correlated. Hence a
differential coding of this correlated sequence of projections
will be more efficient than direct coding of the projections.
Depending on the size of the subimage region and the
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spatial correlation function of the image, the differential
coding scheme can be designed with an appropriate
predictor.

In our comparative studies, we used a differential coder
with a one-stage predictor for coding these coeflicients. The
quantizer levels were determined using an equal-probability
algorithm on the estimated probability distribution of the
first-order difference sequence.

The number of bits used for coding the various coefficient
sequences were determined as follows. Let 0,2,0,%,- - -,0,%
be the variances of the r coefficients and let n,n,,- - -,n, be
the number of bits used to code each coefficient. Given the
total number of bits NB which we want to use, the number
of bits used to code each coefficient is determined from
2" = [ao,%], where a is related to NBand 6,2, i = 1,2,- - -,r,
by

(10)

Since the #n; are integers and we do not impose the con-
straint Y n, = NB, the actual number of bits used for
coding may be slightly larger or lower than NB.

Various possible ways of using DPCM systems to quantize
the transformed data are also discussed by Habibi [11], [12]
and Arisana and Kanaya [13]. In particular, a variation in
the way we assign bits would be to assign bits to the DPCM
system in proportion to the variance of the differential
signal in the DPCM system.

r
2NB = l—[ da',-z.
i=1

V. COMPARISON OF PERFORMANCE
Description of the Image Set Used

For comparing the performance of the DLB transform
data compression technique with the Karhunen-Loéve and
Hadamard transforms we used a set of 33 images of size
64 x 64 resolution cells. These images were obtained by
digitizing § x %-in sections of standard 1:20 000, 9 x 9-in
aerial photography supplied by the United States Army
Engineer Topographic Laboratories. Each image was digit-
ized into a 64 x 64 resolution-cell matrix and the levels of
digitization ranged from 1 to 64. There were 11 scene
categories in the image set comprised of scrub, wood, river,
orchard, marsh, swamp, old residential, new residential,
urban, road, and railroad yard scenes.

Indexes of Performance

Three performance indexes are used in comparing the
performance of the different image coding techniques.
These measures of performance are 1) the root-mean-square
(rms) error between the original and the reconstructed
images, 2) visual comparison of reconstructed images, and
3) correlated rms error.

The gray values of the reconstructed images are first
rounded off to integers, the error images are obtained, and
the rms error is computed from the error picture. The
correlated rms error is the product of the rms error times a
spatial correlation measure obtained from the error image.

The correlation measure, which is a measure of the spatial,

neighborly dependence of the error within the image, is
computed as follows.
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Let L, = {1,2,---,N,} and L, = {1,2,---,N,} be the
x and y spatial domains of the error picture, and let G =
{1,2,-+-,N,} be the set of gray tones in the error image.
We first compute four matrices of relative frequencies
P(i,jd,0), with which two neighboring resolution cells
separated by a distance of d occur in the error image, one
with gray-tone value / and the other with gray-tone value j.
The angular relationship between the neighboring resolu-
tions cells is denoted by 6. Formally, for angles quantized
to 45 intervals, the unnormalized frequencies are defined by

P,jd0%) = #{((k]), (mm) e (L, x L) x (L, x L))
k—m=0,|1 - n| =d Ikl =i I(mn) = j}

P(,j,d45%) = #{(kD), (mm)e L, x L) x L, x L,)
k—-—m=dl—n=—-dyor(k —m= —d, 1 — n=d),
Itk,y = i, (mn) = j}

P(,j,d,90% = #((kD), (mm)e(L, x L) x (L, x L,)|
lk —m| =d,1 — n=0,Kkl) =i I(mn) = j}

P(i,j,d,135%) = #(k,D), (mm))e(L, x L,) x (L, x L))
k—-—m=dl-—n=dyortk—m= —d, 1 - n= —d),
Itk,) = i, Im;n) = j} (11)

where I: L, x L, - G, and # denotes the number of
elements in the set. Note that these matrices are symmetric:
P(i,j; d,6) = P(j,i; d,6). The distance metric 4 implicit in
the preceding equations can be explicitly defined by
d((k,D),(m,n)) = max {|k — ml|, |I — n}.

Let P(i,j) denote one of the normalized gray-tone transi-
tion matrices. Then the correlation measure is defined by
the following equations:

€= -LY PGl {Pf(’ffggj)}

h = =Y P(k) log P(k)
k

P(k) = Z P(i,k) = Z P(k,i)
and l '

p = (12)

¢
L

The correlation measure p defined in (12) is also a measure
of independence between- the variables of the distribution
P(i,j). For details of the properties of the correlation
measure, the reader is referred to [19].

After the correlation measure has been computed for
each of the four angular gray-tone transition matrices, the
average value of p is calculated. The average correlation
measure contains information about the nature of the
spatial distribution of the error picture and the rms error
gives an idea of the magnitude of the error between the
original and reconstructed images. Thus the product of p
and rms error is a measure of the magnitude and the spatial
distribution of the errors.
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TABLE 1
PERFORMANCE OF KARHUNEN-LOEVE TRANSFORM METHOD
TR
P RMS  CORREL BITPEL R
scene wo. PTTP ZRor  ERROR 4 sn:%a SS:ZSL PITPEL ERBOR ERROR
SRUB- 1 8.740 0.50878 0.82455  1.210 0.47930 0.61946 1,778 9.46950 6.02185
53233- 2 8.758 B,50200 0.62454 1.150 0,47858 0.82205 | 768 0.47620 0,82174
SCRUB- S 0.780 0,57920 0,091e3 1,210 9.51820 0,04179 1,768 8,.50468 8,83636
oRCH - & .788 037320 0,05722 1,200 8.51750 0.82789 | 758 B.49838 B.03483
HWoOD- T 0.750 0,56830 0.18220 1539 o.5:!!6!! 0.,08673 1,820 0,.52850 0,07381
oo~ 11 .78 8147983 0.02967 1.238 8.43610 0.01834 | 790 0.44520 0.01898
ORCH - 12 9.838 0.79188 0.16722  1.150 0.639¢8 0.08185 1,720 0.57790 0.05277
HWoOD- 13 0.760 0.50510 0,02230 l-l : o.47570! 0.02173 1,780 0.46800 9,02371
ORCH - 15 8.7908 0,63220 8,10630 1'2?0 +35600 0,04845 1,759 0.33400 9,03164
QUBUR- 23 8.810 1.534g8 074326 1.238 1.18863 6.49151  1.779 1.0706B B.42580
s e e g
VER- 27 9. 0T . . . . 1.868 8.47730 0.02453
E;BAN- 29 0,760 1,41270 0.57497 1,190 1.04550 0.34248 1,750 0.93780 0,28417
URBAN- 30 0.840 1.23958 0,52604 1,14 1.62018 8.36360 | .709 0.86398 8,265
URBAN- 31 0.760 1,46900 0,65230 1,220 1,06650 #,33998 1.770 8.84568 0,19289
SUBUR- 32 8.780 1.44380 8.59282 1,150 1.09768 8.36844 1,768 8,95540 0.23708
SIVER- 33 0.750 0.49068 8.02152 |.250 0.47478 8.01542 1,810 0.46850 0.81762
RIVER- 34 0.760 1.07110 0,27301 1,260 0,97440 0,19417 1.840 0,93670 8,15649
NOAD - 39 0,850 1.17630 0,49559 |.@90 0,77870 0.25230 1,610 0.62460 8,15932
R VAMP- 42 0,740 1.32990 0,38864 1,258 1,10810 0,23455 1,840 1.05730 0.21809
SUAD - 44 0768 1.12720 0.41340 1,248 8.89960 0.25655 1780 0,84030 .21484
R lLY- 4g 8.760 1.15142 0,35395 | 190 0.86740 8.19628 1,720 9.80848 8.14633
RAWP- 58 0.750 1.86208 0.28341 |.250 8.90r70 8.20131 1,820 0.87748 8,18916
SAILY- 51 0.770 1.34768 0.48332 1,220 1.11680 8.31642 1,770 1,03312 B.26699
RARSH- 52 0,790 0.75370 0.17105 | 239 8.67398 0.12587  1.780 0.63812 0,12083
BOAD - 53 0.772 0.81518 8.23981 1,170 0.66278 8.12269 1,720 9.60430 0.07804
RYAMP- 54 0.730 8.54808 0.20312 |,240 0.81950 8.12506 1,830 0.75790 8.11468
DAXE - 57 8.780 0.A7620 0.03988 1,220 0.45980 0.83388 1,780 0.45180 0.81497
LAKE - 5e 0.720 0.47830 0.82633 1,212 0.45390 0.62185 1,750 0.44880 0.81779
TAXE - 59 0.738 8.51300 0.05188 1,240 0.50680 0.04301 1,830 ©,45830 08,4892
MARSH- 68 8.772 B.66790 0.10930 |.220 0,605¢0 0.06980 1,770 8.58110 8.05199
© RATLY- 61 8.760 1.24380 0.39736 1,250 B,94530 0,24392 1,768 0.82520 8.18491
: PARSH- 65 8.760 0.61060 8.07601 1,250 9.56290 0,03457 1,810 .55078 2.83379
TABLE 11
PERFORMANCE OF HADAMARD TRANSFORM METHOD
' SCENE NO, 'BITPEL RMS  CORREL JITPEL RMS  CORREL RMS  CORREL
; ERROR ERROR FRROR ERROR BITPEL ERROR ERROR
SCRUR- 1 0.810 0.56160 0.09990 1.100 9.
SCRUB- 2 0.800 0.53470 0.05300  1.140 0.92529 o ayon |+580 0.34420 0.09154
SCRUB- 5 B.760 8.81088 0.19656 1170 8.56810 0.00022 1,742 B.35730 0 06219
ORCH - 6 ©0.810 ©.64230 0.8951%  1.190 .59550 B 876 . 139300 5 0nsae
v HWOOD- 7 B.818 8.63140 0.21178  1.198 8.61348 8.20786 | con o' auong 0:07348
; HWOOD- 11 ©.760 0.50220 8.04837 [.190 0.4 8.20786 1.690 0.60700 0,20722
| ORCH - 12 0.8A0 0.53038 0.23852 1 140 0 anaeg 0+04006  1.750 0.42750 9.04362
HWOOD- 13 9.760 8.55950 0,.68431 |.190 o'§§323 0 ooy 1ili0 8.19960 8.16767
O 3 B el 03330 o:05a3 1158 8.337c0 0.06635  1.760 0.33630 B.06787
s 23 bioce 1287330 o.oaapg L:460/0.72648 0.19300 1,700 0.72650 0.15ee2
S 2y oo 1:3loee 0i3700y L-2lo 1.s8170 0.52045 1.710 1.6340.0.50312
” RIVER- 27 0.760 0.51060 8.04881 1.250 0.38338 6. 0s008 | L8 1.34380 0.64462
. URBAN- 29 ©.880 1,71490 0,80118 1.178 1.56239 5'74252 © 1.840 8,3034¢ 8,04624
: URBAN- 30 ©.840 1.45230 0.6A399 1150 1.31500 0 57282 | cop 1-48648 0.77019
3 URBAN- 31 0.86 1.64200 0.79316 1.210 1.45440 o 70062 -S89 1.22230 0.52173
SUBUR- 32 0.860 1.86310 0.84345 1,150 1.65670 0.195es L 510 136730 0.67631
RIVER- 33 0.760 0.58170 0.05647 1.238 0 49548 8 a50s; 1°110 1.52498 0.66430
RIVER- 34 0.789 1.19138 8.32112 |, : Daasy  1+190 0.49140 0.04732
. . 1,240 1.09560 B.25955 1.839 |.06702 B
ROAD - 35 0.280 1.32360 0.67885 1.119 1.14390 0.57263 1910 1. 10098 0. 2c90)
SWAMP- A2 0.76B 1.46658 8.43625 [ 25p 1.30310 9.32803 1.830 1.27220 0.
ROAD - 44 0,768 1.26568 8.47135 |.100 1.82478 8 . +27220 0,30734
RAILY- 48 0,790 1.34480 0.42655 1,160 1.16390 8.35950 1 ven | 05338 0.34138
SWAMP- 50 ©.760 1.17820 8.34618 |.240 1.07763 0.2881 . *03798 8 27958
RAILY- 51 8.770 1.55378 0.54535 1.210 1.33620 0. 40005 | oug 25190 0.27506
MARSH- 52 0.763 0.80938 B.19256 1.520 B.74430 0. 16o82 | 100 1.28620 0.35764
ROAD - 53 0.840 0.55150 0.33573 | 190 0 91878 o see 1770 0.72200 0,15700
SVAMP- 54 0.780 1.83370 B.24356 | 228 o asove o1es3  |lea0 3.-88730 0.31a67
LAKE - 57 0.798 0.58320 B.07916 | 200 0 45580 8 o700y | 520 0.93270 2.18578
LANE - 38 0708 6.a8130 6.8to0s ):208 2.45568 é.ggggg 1.768 8,48858 8,05923
LAKE - 55 0.800 0.56680 0.13455 |.220 9.55680 9. 13162 | ') D-48900 0.04202
MARSH- 60 2.770 0.70200 2.14705 . . »13152 1,720 8,55640 0.13815
. . 14709 10170 2.65160 0.11035 1.7
RAILY- 61 9.770 1.55390 0.53019 1.240 1.37640 9.42658 1 800 7'::%;: 029200
MARSH- 63 0.730 B.64570 0.10181 1,230 0.60686 8.96726 |.798 B’ <p3le .'!§Z§7
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TABLE III
PERFORMANCE OF DISCRETE LINEAR TRANSFORM METHOD
BITPEL RM6  CORREL BITPEL RHS  CORREL ‘BITPEL RME  TORREL
SCENE NO ! ERROR ERROR ERROR ERROR ERRCR

SCRUB- | 0,800 8,52348 #,8331] 1.128 0.49838 §.02376 1,688 0.47068 8.02733
SCRUB- 2 0.798 §.52158 8,.02386 1,160 8,49568 0.02185 1,738 0.48290 0.062503
SCRUB- 5 8.778 #,359850 0,09364 1.170 0,51730 0,04160 1.750 0,49380 9.02587
ORCH - 6 0.808 P.52750 9,04896 1,190 0.52060 0.02904 1.740 0.50510 9.03258
HWOOD- 7T 9.810 #,3567%0 0,1034% 1.209 0,52080 0.09136 1,680 0,51090 0.09669
HWOOD~- 11 0.730 0,45210 0,02800 1,190 2,45710 0,.02208 1,760 9,44350 0,01730
ORCH - 12 0.830 #,79100 9,.1640¢ 1.140 9,65440 9.96618 1,720 D.60150 9,06243
HWOOD- 13 0.780 8.51999 8,02422 1,200 0,47160 0,01777 1,770 0,46170 P.01765
ORCH - 15 0.830 0,66090 0,11492 1.170 9.3587%0 0.1084g 1.720 0.54130 2,10665
SUBUR~- 23 9.850 1.58810 0.70633 1,210 1.285%40 0.,51372 1,710 1,16520 0,50161
SURUR- 24 0,840 1,38990 9,45463 1.210 1,19250 8.39689 1,720 1,11510 0.39652
RIVER- 27 0.710 0,49830 2,02611 1,240 8.4g130 0.01938 1,840 #,48010 9.01974
URBAN- 29 0.870 1,49090 0.6171g 1.178 1.,258078 9.46698 1,680 l.IAIfQ =.;s;§i
URBAN- 30 0.830 1.26220 0,351005 1,170 1.05730 #.39863 1,700 0.92810 0,34

URBAN- 31 8,830 {,39540 0.60610 1,2',5 1.15580 .,48289 1.680 1,00280 0,42840
SUBUR~- 32 9.830 1,352510 0,63678 1.198 1,23998 9.49636 1,710 1,00890 0,.41163
RIVER- 33 8,768 0.49360 @,03278 1.040 0.47240 §.92222 1.280 8,46938 0.82464
RIVER- 34 0.760 1,117%50 0.26316 1.2%6 0,98960 0.18256 1,830 0,96200 #.1p839
ROAD ~ 39 0,880 1.13110 08.53521 1,120 8.87640 0.38920 1,520 0,78920 60,3463
SWAMP- 42 0,788 1.35070 0,35265 1.250 1,16780 9.23012 1,830 1,13060 0,20919
ROAD - 44 0.770 1,17370 0,42703 1.230 0,93210 0,28365 1,780 9,84720 0.24a64
RAILY- 48 0.780 1.20130 0,36702 1,170 0,54420 9,24479  1.710 0,85170 8,21470
SWAMP- 50 0,730 1.11380 0.30618 1.250 0.9%5279 0.23528 1,830 0,93820 0.,24435
RAILY~ 31 8,770 1,42540 0,46496 1,230 1,17930 0.33490° 1,799 1,.12170 8,38785
MARSH- 52 0.790 0,76210 0.15921 |.240 0,68910 0.12225 1,780 0,64610 0,09816
ROAD ~ 53 0.860 0,87530 9.25654 1.130 0.76210 9.20745  1.638 8,71578 8,20656
SWAMP- 54 0.780 8.98240 8.28259 1.250 0.27950 0.13987 1.830 0,85870 08,12790
LAKE - 57 0,790 90,4831 2.84693 1.200 9.46610 0.83779 1.770 0.45340 0.02174
LAKE ~ 58 0.740 0.47850 0,02367 1.190 8.45710 0.0177% 1.770 8.45208 0.91626
LAKE - 55 9,810 2,51730 9,86364 1.230 0.%50000 0.06120 1.728 8,49780 0,06803
MARSH- 60 $.760 9,.67980 0.1106% 1.120 2.60110 0.0754g 1.768 02,5785 B.26496
RAILY~ 61 0.760 1,360%0 0,47117 1.250 1.090%0 0.31726 1.818 0.,97060 0,27963
MARSH- 65 0.TR® 0§,60620 0.07442 1.250 9,57000 0,05484 1.800 0.356030 0,04834

The third measure of performance used was a direct
comparison of the original and reconstructed integer images.
For this purpose, the images were equal probability quan-
tized into 13 levels and digitally printed out; the error
pictures were also printed out for comparison.

Results of Transform Data Compression Experiments

The set of 33 images was processed using the Karhunen~
Loéve, Hadamard, and DLB transform compression tech-
niques. The window size used was 4 x 4. For all three
methods, we found that the projections of the data onto
4 of the 16 basis vectors accounted for most of the image
“energy’’; the variances of the remaining 12 transform
coefficients were very small compared to the first 4, and
hence the bit-assignment algorithm ignored these coeffi-
cients. The 4 basis vectors for the Karhunen-Loéve trans-
form were the 4 eigenvectors of the covariance matrix of
the image (which was computed for each image) corre-
sponding to the 4 largest eigenvalues. For the Hadamard
and DLB transforms, the basis vectors with sequency
(0,0), (1,0), (0,1), and (1,1) were used.

The original images had gray-tone values in the range
1-64 (6 bits) and the performances of the compression
techniques were evaluated at bit rates of 0.8, 1.2, and 1.75
b/picture element. The corresponding bit compression rates
were 7.5, 5, and 3.4, respectively. The rms errors, correlated
rms errors, and bit rates for the Karhunen-Loéve, Hada-
mard, and DLB transform coding techniques are shown in
Table I-Table III for the 33 images we processed. Plots of
correlated rms error versus bit rate are shown plotted for
four scenes in Fig. 1(a)-(d). The average values of the rms
error versus bit rate for the 33 images are shown in Fig. 2,

and the average values of the correlated rms error versus
bit rate for the 33 images are shown in Fig. 3.

Comparison of the performance of the three compression
methods in terms of rms error reveals the following.

1) As one might expect, the Karhunen-Loéve transform
technique yields the minimum rms error.

2) The rms errors for images compressed by the DLB
transform are comparable to the rms errors for the
Karhunen-Loéve transform and are considerably lower
than the rms error for the Hadamard transform coding.

In terms of correlated rms error, the average performance
of the DLB transform is quite close to the performance of
the Karhunen-Loéve transform at high compression ratios.
On some images the DLB transform performed better than
the Karhunen-Loéve transform at high compression ratios.
Both the DLB and Karhunen-Loéve transforms performed
much better than the Hadamard transform at all compres-
sion ratios.

For four scenes shown in Fig. 4, the reconstructed pic-
tures and error pictures are shown in Figs. 5-8. The pictures
in the top rows of Figs. 5-8 were produced by the Karhunen-
Loéve transform, the middle row by the DLB transform,
and the bottom row by the Hadamard transform. The
error pictures show the absolute value of the error between
the original and reconstructed pictures.

The error pictures and reconstructed pictures for the
orchard scene shown in Fig. 5 reveal that there are no
significant differences in the pictures produced by the three
methods. The Hadamard transform has a slightly larger
rms error and correlated rms error.

The error pictures and reconstructed pictures for the
-suburban scene shown in Fig. 6 reveal significant differences
in the pictures produced by the three methods. The error
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Fig. 1. Bit rate versus correlated error for four scenes. (a) Scene 23,

suburban. (b) Scene 29, urban. (c) Scene 12, orchard. (d) Scene 61,
railyard.

pictures for the Karhunen-Loéve and DLB transforms are
nearly identical at low bit rates. The error pictures for the
Hadamard transform show the presence of larger errors;
also, these error pictures have a higher spatial correlation,
as evidenced by the well-defined boundaries. The high
spatial correlation is also reflected in higher values for the
correlated rms error, showing the usefulness of the cor-
related rms error as a measure of the magnitude and spatial
" distribution of the errors. In all of the error pictures, the
boundaries show up clearly at high bit rates due to the
fact that the average error decreases at higher bit rates and
hence the lighter background due to smaller errors brings
out the boundaries better. The error pictures for the urban
and railyard scenes show the same trends seen in the subur-
ban scene. Namely, the performance of the DLB trans-
form is comparable to that of the Karhunen-Loéve
transform and is much better than that of the Hadamard
transform.

Apart from the performance indexes we have used, an-
other way of comparing the performance of unitary trans-
forms is to judge by how uncorrelated the transform
coefficients are. This correlation between transform co-
efficients is reflected in the variance of the transform
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Fig. 4. Original pictures.

coefficients. We found that for the 33 scenes we processed,
the variances of the transform coefficients produced by the
DLB transform were very close to the variances of the
transform coefficients produced by the Karhunen-Loéve
transform.

VI. CONCLUDING REMARKS

We have presented a new discrete linear transform
method of data compression which we use in conjunction
with a DPCM procedure for removing some of the re-
dundancy in image data. We have compared the perfor-
mance of the new method with the performance of
Karhunen-Loéve and Hadamard transform methods on a
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RECONSTRUCTED ERROR RECONSTRUCTED ERROR

RECONSTRUCTED ERROR
PICTURE PICTURE PICTURE PICTURE

PICTURE PICTURFE

KLT
Bitpel=0.83 Bitpel=1l.15 . Bitpel=1.72
RMS Error=0.791 RMS Error=0.659 RMS Error=0.5779
Correlated Error=0.1672 Correlated Error=0.0818 Correlated Error=0.0527
DLBT
Bitpel=0.83 Bitpel=1.14
RMS Error=0.791 RMS Error=0.6541 .
Correlated Error=0.1640 Correlated Error=0.0661
HT
Bitpel=0.84 Bitpel=1.14 Bitpel=1.71
RMS Error=0.930 RMS Error=0.8234 RMS Error=0.799
Correlated Error=0.2305 Correlated Error=0.1825 Correlated Error=0.1676
Fig. 5. Reconstructed and error pictures for scene 12, orchard.
RECONSTRUCTED ERROR RECONSTRUCTED ERROR RECONSTRUCTED ERROR
PICTURE PICTURE PICTURE PICTURE PICTURE PICTURE
KLT
Bitpel=0.81 Bitpel=1.25 Bitpel=1.77
RMS Error=1.534 RMS Error=1.180 RMS Error=1.070
Correlated Error=0.7452 Correlated Error=0.4913 Correlated Error=0.4290
DLBT
Bitpel=0.85 Bitpel=1.21 Bitpel=1.71
RMS Error=1.588 RMS Error=1l.285 RMS Error=1.165
Correlated Error=0.7065 Correlated Error=0.5137 Correlated Error=0.5016
HT

Bitpel=0.86
RMS Error=1.873
Correlated Error=0.948

Bitpel=1.21
RMS Error=1.681
Correlated Error=0.9004

Bitpel=1.71

RMS Error=1.603
Correlated Error=0.9031
Fig. 6. Reconstructed and error pictures for scene 23, suburban.
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RECONSTRUCTED ERROR RECONSTRUCTED ERROR
PICTURE PICTURE PICTURE PICTURE
Bitpel=0.76 Bitpel=1.25

RMS Error=1l.243
Correlated Error=0.3973

RMS Error=0.945
Correlated Error=0.2439

Bitpel=0.76
RMS Error=1.360
Correlated Error=0.4711

Bitpel=1.25
RMS Error=1.09%0
Correlated Error=0.3172

Bitpel=0.77
RMS Error=1.553
Correlated Error=0.5381

Bitpel=1.24
RMS Error=1.376
Correlated Error=0.4269

RECONSTRUCTED ERROR
PICTURE PICTURE

Bitpel=1.76
RMS Error=0.825
Correlated Error=0.1849

DLBT

Bitpel=1,76
RMS Error=0.9706
Correlated Error=0.2796

HT

Bitpel=l. 80
RMS Error=1.294
Correlated Error=0.3572

Fig. 7. Reconstructed and error pictures for scene 61, railyard.

RECONSTRUCTED ERROR
PICTURE PICTURE

RECONSTRUCTED ERROR
PICTURE PICTURE

P

Bitpel=1.19
RMS Error=1.0455
Correlated Error=0.3424

Bitpel=0.76
RMS Error=1.4127
Correlated Error=0.5749

Bitpel=1.17
RMS Error=1.250
Correlated Error=0.4669

Bitpel=0.87 .
RMS Error=1.490
Correlated Error=0.6171

Bitpel=1.17

RMS Error=1.562
Correlated Error=0.7460

Bitpel=0.88

RMS Error=1.714
Correlated Error=0.8011

RECONSTRUCTED ERROR
PICTURE PICTURE

KLT

Bitpel=1.75
RMS Error=0.9378
Correlated Error=0.2841

DLBT

Bitpel=1.68
RMS Error=1.141
Correlated Error=0.4616

HT

Bitpel=1.66

RMS Error=1.4864
Correlated Error=0.7701

Fig. 8. Reconstructed and error pictures for scene 29, urban.
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set of 33 images. Based on the comparative performance
on 33 images, we conclude that the new discrete linear
transform offers a good tradeoff between the ease of im-
plementation of the Hadamard transform and superior
performance to the Karhunen-Loéve transform.

Other fast transforms such as the slant transform [4] or
discrete cosine transform [20] also seem to perform well
compared to the Hadamard transform, while retaining some
of the computational advantages of the Hadamard trans-
form. Further theoretical and experimental work is needed
to compare the performances of DLB, Hadamard, and
discrete cosine transforms.

APPENDIX

Lemma: Let {X,,X,,"--,Xy,} be an orthogonal basis for
R™ and {Y,,Y,,"*,Yy,} be an orthogonal basis for Rz
Then {X.Y;|i= 12,---,Ny;j=12,---,N,} is an or-
thogonal basis for RV"z2,

Proof: We will use the notation X, to denote the kth
component of the vector X; and we will first prove or-
thogonality of the basis and then prove the linear inde-
pendence. Consider

Ni

N2
(X i Y_])T(X n Ym) = Z Z Xik YﬂX"k You

k=1 I=1
Ny N2

(2 Xn,x,,,) ( ) Y,-,Y,,) -
k=1 =1

Since both {X;} and {Y;} are orthogonal basis, X; is
orthogonal to X, and Y; is orthogonal to ¥, so that
(X,Y)"(X,Y,) = 0 and hence XY, is orthogonal to X,Y,,.
The proof for linear independence is as follows. Suppose
that {c;; | i = 1,2,--*,N;;7 = 1,2, -,N,} is a set of N, N,
constants not all zero and that

N1 N2

X E ¢;X;¥; =0
j=1

i=1 j=

thereby implying that {X,Y;} is linearly dependent. We will
show that this implies that {X;} is not linearly independent,
a contradiction. We begin with

Ni N3

Y X XY,

i=1 j=1

Ni N2
3% (%, )

Jj=1

0=

However, since the {Y;} are linearly independent and since
the {c;;} are not all zero, there must be some constant «

such that 3772, c,;Y; # 0.
Let |
2 Cinj = (bil’biz"”’bi.Nz)T’ 1= 112" "Nl-
J
Then
N; N2
o= (8 )
implies
N1
‘=Zl Xilbim = 0, k = 1, .’Nl; m = 1, ',Nz

where X, is the kth component of X;. However,

N2
Y Y #0

j=1
implies that for some « not all components of (b,,,b,2,° ",
b,n)" are zero. Hence there exist some b,; # 0. Finally,
since b,s # 0, and

Ny
Y, Xigbyp =0
i1

implies that the {X;} are linearly independent, we have
obtained the contradiction and the proof.
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