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Abstract. Machine vision systems that perform inspection
tasks must be capable of making measurements. A vision sys-
tem measures an image to determine a measurement of the
object being viewed. The image measurement depends on sev-
eral factors, including sensing, image processing, and feature
extraction. We consider the error that can occur in measur-
ing the distance between two corner points of the 2D image.
We analyze the propagation of the uncertainty in edge point
position to the 2D measurements made by the vision system,
from 2D curve extraction, through point determination, to mea-
surement. We extend earlier work on the relationship between
random perturbation of edge point position and variance of
the least squares estimate of line parameters and analyze the
relationship between the variance of 2D points.

Key words: Error propagation — Measurement — Edge pertur-
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1 Introduction

Inspection tasks involve measurements. When machine vision
systems perform inspection, they must be capable of making
these measurements. A vision system makes a measurement
on an image that determines a measurement on the object be-
ing viewed. The accuracy of the measurement on the image
determines the accuracy of the final measurement. This pa-
per is about the propagation of error from feature detection on
the image through calculation of the final measurement in the
inspection task.

Suppose the distance between two corner points in a 2D
image is to be measured. To measure the distance between the
two corner points, their positions must be determined. Since
the true positions are usually not known, they must be esti-
mated from the given data. Because a corner point is an inter-
section of two non-parallel lines, determining the position of
acorner point involves determining the lines that pass through
the corner point. A line can be determined by detecting edge
points which are supposed to be on that line and fitting the line
to the detected points. Since pictures have numerous sources
of error, the edge points produced by a typical edge operator
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are not necessarily true edges. There are uncertainties in the
edge point positions. Since lines are estimated by fitting noisy
edge points, the parameters of the fitted lines also have uncer-
tainties coming from the uncertainties of the edge positions.
Furthermore, a corner point can be determined by finding the
intersection point of two fitted lines. Therefore, the position
of the corner point has uncertainty that comes from the uncer-
tainties of the fitted line parameters. Finally, since the distance
between two corner points is computed using their positions,
the measured distance has an uncertainty that comes from the
uncertainties of the two corner point positions.

The error propagation process is diagrammed in Fig. 1.
Haralick analyzed how edge point position uncertainty is prop-
agated to the fitted line parameter uncertainty [7]. In his anal-
ysis, the noise is assumed to come from an independent and
identical distribution. In this paper, we generalize Haralick’s
derivation for the case that the noise comes from an indepen-
dent, but non-identical distribution. The validity of our deriva-
tions is proved by experiments described in Sect. 8. We also
discuss the error propagation process and develop the rela-
tionship between the variances of edge point positions and the
expected variance of the measurement. Complete analyses are
given for line, circle, and cllipse fitting. We begin by stating
the noise model employed in our approach.

2 Noise model

Let (z;, ;) be the true, but unknown coordinate, of the i-th
edge point and (%;, §;) be the noisy observation of (x;, y;).
Our model for (£;, §;) is

Zi=mi+&, Qi=yitm,

where we assume that the random perturbations &; and r; are
independently distributed having mean 0, variance 0%, and
come from a distribution which is an even function. Hence,

El&1=FEln]=0
V&l =Vinl =o?

Elei;] = {"3 ifi=

0  otherwise
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Fig. 1. Error propagation in a vision task

0  otherwise
Elni&;1=0

These assumptions will be used throughout the paper.

2 . ._ .
Elnin;] = {"0 ifi=j

3 Line fitting

3.1 Preliminaries

Consider a situation in which points (z;,y;), i =1,..., I are
assumed to lic on an unknown straight line and the problem is
to determine the parameters of the line. Then, suppose (z;, ¥;)
satisfies the model

oz, + Py, +vy=0 i=1,...,1 (n

where o? + 8% = 1. Since our noise model is not i.i.d and
all 02 are known a priori, we define weighted mean and
weighted variance instead of arithmetic mean or variance. Let
the weights be w; = 1/07 and define

I 7
1 1
ll‘m="u_/‘;wi$ia NyZW;wiyia
1< 1 <&
2 2 2 2
%=Tzwi(ﬂ?i—ux) ) 0y=TZwi(yi—Ny) )
W3 W3

I
1
Ogy = ﬁ/— Z'wz(xz - Mm)(:% - My) y

i=1
where

! I—1
WZZ'LU,L', W=—7—W

i=1

Then upon summing the model Eq. (1) multiplied by w; over
all 4, we get

7
Z wi(az; + By; +v) =0

i=1

sothaty = ~(auz + B py). This permits us to rewrite the model
equation as

Ay — pig) + B(ys — Hy)=0.

Multiplying the above equation by w;(z; — 11,) and summing
over all i

I

D wy [omi — po) + B(zi — pa)ys — 1y)] =0,

i=1
from which there results
Qo2+ 05y =0. )

Now multiplying by w;(y; — ) and summing over all i, we
get

1
> wi [a@: = ua)ui = 1) + Blys — ] =0

i=1
from which there results
a0y +fo;=0. 3)
Rewriting Egs. (2) and (3) in matrix form, we have
(7 @) (5)-0

Ozy Oy B
which implies that

2
Oz Ozy
Ozy O

=0.

2
y

Therefore, we have

2 _ 2.2
Oy = 050y
and
o= Ozy _ Sin(ogy)o0y
\/o'%y +(02)? \/0%012/ + (o)
_ sin(ozy)oy
\Joi+al
Similarly,
2
5= —o; —0y

\/agy +@P  Jod+a]



3.2 Least squares estimates of line parameters

Up to here, the given points (z;,y;), ¢ = 1,...,I which lie
exactly on the unknown line are the points we used to compute
the parameters of the line. Now we assumee that (z;, y;) are
not given; instead, rather noisy observations (£;, §;) of (z;, y;)
are given.

‘We must estimate the parameters of the unknown line from
the noisy observations (2;, 9;). To do this we employ the prin-
ciple of minimizing the square residuals under a constraint.
Using the Lagrange multiplier form, we define

I
=Y wiadi+ B +4) - M@ + 5 — DWW .

i=1

Note that €2 is a weighted sum and the weights are reciprocals
of the variance of the random disturbances. Upon taking the
partial derivative of €2 with respect to 4, and setting the partial
derivative to zero, we get

2 I

€ ~n YN

5 =2 g wi(6; + B +7)=0.
=1

Letting

I
frw = %Zwiﬂ%’ fry = %Zwi@i,

i=1 i=1

we obtain

! 2
& = > wi (&8s — )+ B@: — 1))
i=1
A&+ -DW .

Continuing to take partial derivatives of 2 with respect to &
and 3, we obtain

de? ! N R ..
o = O 2w; (6@ — i)+ B@ — ) @~ fo)
i=1
—M2a)W =0,
I

Oe? "

02 N ow, (a2, — o) + B3 — A 5 — 0

Y ,-E:l w (a(x fiz) + B(§ ,U'y)) (G — fiy)
~A2PHW =0,

Letting

I
N 1 . a 1 A A
o3 = W > wildi — pa), oy = W > wi@i — fiy)?

=1 1=

~

—~

. 1 . .
Foy = 7 D Wil = P)(Bi — i)

i=1
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substitution leads to

(&zy az><ﬁ>‘*<ﬂ)'

/\

So the sought after A ) must be an eigenvector of the sample

covariance matrix. But which eigenvector? The one we want
must minimize

I

5w (86— ) + A~ i)

i=1

It

W(

jo>

Ty
TN
Q>
8 eqx\):
» >
@ g
N
N
T
N—

It

j o)y

Wa B (g) ~Wa.

. & .
Hence, the eigenvector ( PN ) must correspond to that eigen-

g

value ) of the sample covariance matrix having the smallest
value. Any eigenvalue A must satisfy

52 6, (1 0\][&)\ _
(5 %) G V)]3)-

and this means that the determinant

o~

62— Oy
by 02— A

Therefore,

@2+62)+ \/(02 +62) — 48282 — 62,)
2
(a +62)+ \/(02 — 62)2 +4(62,)
> .

a~

A=

The smaller eigenvalue corresponds to the minus sign. With X
determined, the corresponding unit length eigenvector can be
determined;

3)- T )
1 _ _ o
b 62, + (-2 \ A%

3.3 Expected values and variances of least squares
estimates of line parameters

The solution & and f for the noisy situation bears a close
resemblance to the solution in the noiseless case. However,
the randomness of the observed data points in the noisy case
leads to a randomness in the estimated parameters & and 3.
The question we now address is how can we determine the
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expected values of & and 3 and the variances & and 3. We
consider the case for &;

Ogy

82, + (A — 827

To find the expected value and variance of & we will certainly
need a way to relate the expected value and variance of &5,
and A — 62 to & We look at the general situation.

& =

3.3.1 Approximation

Suppose a function f of three variables z,y, and z is known
and noisy observations £, J and 2 are available. Furthermore,
suppose that for any z, ¥, z the moments E[%—z], E[(£—x)?],
El) ~ yl, El(§ — w)*, El2 — 2], El(2 — 2)*] are known.
Finally, suppose that the random variables are uncorrelated:
El@—z)9—y] = El(@-x)(2-2)] = El([§—y)E-2)] =
To determine the expected value and variance of f(Z, 9, 2) we
canproceed as follows. Represent f as atruncated Taylor series
expanded around (z, y, 2);

0
£6,9,9) = @1, )+ @ ~ D)5 @9, 2)

+(@ —y) f(w Y, )+ (E—2)53 f(s: Y, 2) -
The expected value E[f(Z, 7, £)] can then be determined by
taking expectations on both sides of the truncated Taylor ex-

pansion,
IO )
E[(f(fL' .%Z)] = f(l' Y, z)+ E[% — ‘7’.]"8_;\ (z,y,2)

+ E[§ - y] f(x y,2)+ B2 — 2 f(x v,2).

To determine E[f(&, 9, 2) — f(z,y, 2))*] we use the same ex-
pansion:

B [(£@2,9,5) ~ f@,y,2))]

] af 8

-ple—ar (L) v2e-m0 0L Y
8 ar\’
+2(ﬁ:—x)(2—z)5ia—{+(— Yy <8£)
of 8 af\

+2( — )(z—z)af a{ +(2 - 2)? <5fz->} :

When the assumption E[(Z —2)}§—y)] = E[(Z—x)(2—2)] =
E[(§ — y)(Z — 2)] = 0 holds, we obtain the simple relation:

E |(5@,9,2) - f@,y,2)’]
. af\* ) ar\
= E (& — z)?] (%) +E [(§ — y)*] <5y-)
a 2
+E[(2 - 2)°] (a_£>

3.3.2 Expected values and variances

We regard & as a function of three variates &5, \, and 62,
Expanding & around the point (o, 0, 02) we obtain
2)2

Ory (Jz

d = (axy - U:z:y)'_—_—‘T
/ 232)3
O'%y -+ (O’%)?’ (U%y + (Um) )2
2 2
a Opy0 —Ogzy0,
+(A-0 L+ (85 — 0%) _z

(@3, + @2
Using the relationship o4y = sign (ogy)o,0,, which is true
under our model and noting that

(02, + (o2}

2

a. —0
a=—>=2 —— and f= —-=
o2, +(03)? ok, +(a2)?
we obtain
bmat [(a . )(—ﬁ)+(5\—&2+02)a]
0.:% +O',!2! Yy Ty 4 x .

Then, to determine E[&], we just take expectations on both
sides of the equation:

. 1
Eladl=a+ 1y 0'%
X |~ Blbay — 02y} + EIA - 63 + 02la] .
To determine V[&] = E [(& — )],
1

x E {(—(&my — oa)Bt (A —62+ crf;)oz) 2} .

To complete our calculation, we need to determine E[&,, —
Tayl, BIA — 6% + 021, El(62y — 021, EI(A — 6% +02)7),

and E[(8y — 0zy)(A — 82 + 02)]. These derivations, which
we now employ, are given in [13]:

Elbey —0gyl =0

EA~62+021=0

2 2 I

O+ 0+ &
A 2 T w

E [(Bay — 02y)?] = 23T W

ZVV 2 2 I
« 4oz(ogs + 02 + =5
E [(A -6+ 0'2:)2] - mv(T/‘Ecg% +y02)W)
B [(6uy ~ 0e)A — 62403 = 2aﬁ—a—+—;‘/vl—%—
Hence,
Ef@-oy]= (—2—;10—2)2 { BE [(0ay ~ 0ay)’]

—208E [(ny — Tay)A 82 + ag)]

2 2. 1L
+U )2 1 ﬁ20x+oy+w
£ (02 +02)? W
2,2, 1 2 I
_4a2ﬁ20w+0y+w N 24o-x(0-:c+o-y+W)}

W(o2 +02)

+o*E [(5\




Therefore,

2 2, I
20$+09+W

V(&) =E [(a - )?] = F*= : 4
@=B[@-af] =yt 2y @)
Using the relation
. 6,
B= CR—
V82, + (@2 = A2
a symmetric calculation for /3 yields
~ 1 ~ S A2 2
b=b+ iz [0y = Guy)(0)+ R = 53 + a2
from which we obtain
R . o240+
VB =E|(B-p}| =22 5
R R 2y )
Since o? + 32 = 1, from Egs. (4) and (5), we can see that
V@) +v@)=T (6)

where
2 2, I
T Oz + 0y, + 37
A7 (52 2y2 °
W(0z+ay)

The covariance between & and 3, cov.(&, ﬁ) = El(a—a)fB—

BA)]is

El@@—oa)B—P)= ABE[(82y — 044)*]

— BEl(62y — Oay)A — 62
— QP El(By — 0uy)(A = 62+ 02)]
+afEI(X — 6% + 02)(A — 62+ 02)]
_—(0Z+al+ i)
WoZ + 05)2

+07)]

af .

Note that

V@) =pT, VB =d*T, cov.(a,fB)=—afT.

To determine the variance of 4, we use
v =—(opuz + ﬁy'y)v 4 =—~(Gfis + B/’ly) .
Therefore, we have
§ = = —0lia + &) — Bluy + 1) + opig + Buy
= —(& — e — (B — By — (G€+ Br) .
Hence the variance of 4 is:
E[& — 7)) = E[[(& — @) + (B — By + (& + BT’
= pz El(& — o)1 + pL E[(B — B
+ 2o iy B8 — a)(B — B)]
+ B[(8€ + B)"1 + 2. E[(& — a)(GE + )]
+2uy E[(B — BYGE + B .
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To complete our cal_culation, we neeg to deter_mine E[(&E +
B, El(@ — o)(G€ + M), and E[(B — B)AE + 7). These

derivations, which we use below, are given elsewhere [13]:

_ A I .
El@£+pif1= (V@ +V(B)+1)
E[(& — a)aé +Bm] =0,

E[(B - BXaE+ B =0.

Therefore,
VA) = iV (@) + 2V (B) + 2pg prycov (&, B)
+ %(V(&) +V(B+1). (N

Equation (7) can be rewritten as

I I
VE) =Tz +py =7+ 30 + 7+

The covariance of & and 4 is

cov.(&,9) = E[(& — )% — )]

= B[(& — a)[—(& — 0o — (B — By — (&€ + )]
= —g V(&) — pycov.(&, B) = —pof°T — pya BT

= BT(—pafB + p1y00) .

Similarly,

cov.(3,4) = —pzcov.(a, B) — u, V(B)
=T (paf — pyo) .

3.4 Expected value and variance of corner point position
Suppose we have two lines:

auz+fiy+mn =0

T+ Ghy+71=0

The intersection of the two lines is

Biva—Bayr oo —auys
aify— b ofr — B’

(r,c) =(

Suppose we have noisy observations for each unknown line
and that &4, 81, %1, &2, 02, 42 are the least squares estimates of
the line parameters. Then the estimate of the intersection point
(r,o)is

b1 — Bt G — %
— ).
818y — Gy 1By — G

(7,8 =(

We want to determine how the noise propagates to the in-
tersection point (r, ¢). For this purpose, we want to compute
the variances of #, & Note that E[f] = r and E[¢&] = c.
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We will carry out a first-order Taylor expansion of # around
(a1, By, M, @z, B2, 72). The derivation is given in [13]:

1
=T b — by
X [=Ba(Gur + Bric+41) + Bi(Gor + Bac+ A2)]
1
“* 1B — aaBy)
x [aa(@ar + Bre+ A1) — on(Gor + Bac+42)] -

P
&=

Therefore,

N S S
= (182 — aaf1)?

X [=Ba(8ur + Bic+41) + Bi(Gar + Brc + )]
1
T (ufh— By

x [aa(@nr + Bic+41) — ai(Gar + Bac+42)]

N R _ 1
F-me-o= (102 — 0 B1)?

X [~aaBa(Gur + Brc+41)* — o fi(Gar + Bac + o)

+ (01 B + a1 @ + Brc+ A1) @ar + Bac+ )] -

2
)
e—c?

2
)

Since a1, f1, and ; are independent of an, 32, 12, We have
E[(6yr + Brc+ ADIE(Gar + Bac+42)] =0 .
Hence,

1 ~
il — P [BE[@ar + Bre+ 1)

+ BLE[(Gar + Pac+42)*]]
V(@)=

V() =

E-Zﬁz—-lm [02E{(@ur + fre+ 1))

+ A E[(6ar + Bac+ )],

1 A
m [—azﬂzE[(&lT +Bre+H)

~ 1B El(@ar + Bac+ )]

cov.(?,8) =

It is shown in [13] that

E[(@r + e+ 42 = V(@) + 2V + V(H)
+2rccov.(&, B) + 2reov.(&, 4) + 2ccov.(B,9) ®

and the computations of V(#), V' (&), and cov.(7, &) are straight-
forward.

For the case of i.i.d. noise, simply replacing w; with o2,
W with I /62, and W with (I — 1)/0? gives results that are
identical to [7].

4 Circle fitting
4.1 Preliminaries

Consider a situation in which points (z;,y;),¢=1,...,I are
assumed to lie on an unknown circle and the problem is to de-
termine the parameters of the circle. Suppose (z;, y;) satisfies
the model

2pxi+2qys+r=a2+y? i=1,...,1. ©)

We define i, fiy), 0%, 02, 0y as in the line fitting case. In ad-
dition, we define the third moments and covariances between
x and 32, and between 22 and y as follows:

I
1
Haty = 72 > " wilws — pa) i — fhy)
1=1

I
1
Hoyp = 7 > " wilmi — pie)Yi — 1iy)” -
i=1

Multiplying by w; and summing the model Eq. (9) over all i,
we have

I I
D wiQpmi+2qyi+1) =Y wilal +yP)

i=1 i=1
so that

T_I—l
T

(0% +00) + U2 + 1o — 2ppgs — 2qpy .

The model can be rewritten as
2p(xi — pa) + 29 — py)
I—1
s
Multiplying Eq. (10) by w;(z; — 1) and summing over all i,
we have

+ (Ci+o))+ps+pl=ai+y;. (10)

I I
2> “wilm — pa)’ +24 Y wil®wi — pa) (Wi — )

i=] =1
I

=Y wilw: — pa)@l +97) - (11
3=1

Similarly multiplying Eq. (10) by w;(y; — ) and summing
over all 4, we have

I I
20 wilws — )W — ) + 20 Y wilys — i)’

i=1 i=1

I
=) wilys — )@t +47) - (12)
i=1



Using definitions, we can rewrite Eqs. (11) and (12);

[ﬂ# + 2;‘%0'925 + fgyr + Z#yamg] ;
[y + 2y 02 + prgrg + 200y -

Zpoi + 2905y =
2p0 gy + 2qcr§ =

Solving the above equations for p and g, we have

1 2
P= Tt — ot [Har0y — [iy2Oay
Y

2
T Ugy2 0y — .U‘mlyamy] + gy

S S
2(0202 G%y) v

— Pz Oay] + hy

q= = Hg30zy

+ Nmzyai
I-1
Lo vty — i+ )
1
02012; o2
2
t 3 (Myaz - ﬂxazcy) + Mm2y(ﬂy0'$

+ nyz(ll'mo'; - Nyawy)] .

r=

y [/1‘13 (ﬂmoz - Nyamy)

— paOzy)

4.2 Least squares estimates of circle parameters

Up to this point, the given points (x;, y:),¢ = 1,..., I (which
lie exactly on the unknown circle) are the points we used to
determine the parameters of the circle. Now we assume that
(z:,y:) are not given; instead noisy observations (&;,§;) of
(z;,y,) are given. From the noisy observations (£;, §;) we must
estimate the parameters of the unknown circle. To do this, we
employ the principle of minimizing the squared residuals. Let
P, q, and 7 be the estimates of the unknown circle parameters.
Define

I
&= wi(2ph; + 280 + 7 — 27 — §2)° .

=1

Note that €2 is again a weighted sum and the weights are re-
ciprocals of the variances of the random disturbances. Since
we want to find $, §, and # which minimize €2, we take the
partial derivatives of 2 with respect to $, § and # and set them
equal to 0.

de? ! NP

N 23 2widi(2pR: +240: +F — 27 — 2)
i=1

Oe? !

55" 2 2wifl(2pR + 240+ F ~ 23 — §7)
i=1

Oe? ! e a

= ZZ w;(2P2; + 249; + 7 — 27 — 7).

i=1
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Rewriting the above equations using matrix notation, we have

a7 wigd 43w 2Y 0 wit P
AT wide 4D wdt 230 wi q
230wk 23 wids w 7
221 | widi(@5+97)
= 22 w; P (E3+177) . (13)

I 22 .~
S et

For notational convenience, we define

2V/W1E1 2w
2Ws  WEmm s
Q= ;
2wrer  24/wryr  Jwr
VOI(E? + y7)
p
VW (xz'*‘yz
B=1ql|, and b=
r
VO +y3)

Then it is easy to see that Eq. (13) has the form

and this is equivalent to an overconstrained linear system

~

G=b. (14)

O

If we solve the above system for $, § and #, the center of the
best fitting circle is (5, §) and its radius R = /# + $2 + §2. The
normal solution for the system (14) is

It is straightforward to verify that

4 8¢
(QQ)‘1=(E§ b E)
¢ E F



where
A %
- A2 A2 A9 )
AW (636, — 62,)
A —6,
B=— Y
4W (8262 —62,)
A A A2 A
&= Opyly — Oyl
- F AD AD ) 2
2W (63565 — 62y)
~2
A &
D= Tz
T AD AD A7 ?
4w (6365 — 63,)
A A A2 A
b= Ogyllaz — Oz ly
T oot (p2482 A2 )]
2W (6363 — 62,)
A A2 A2 A2 A oaoA
= _1__ . Uz Oy + [0y — Zgzyﬂzuy
- A7(A252 _ A2 ’
w W(azoy omy)
So,
AL A Al
-1
QA Q
VU1 2A2+2B41+C) VUTQRAZ+2B+C)
= WiQ2BE+ 2D +E) wiRBe+2D91+E)
b
VITCE 2B+ F) JwIRCE2Ep+F)

and therefore the solution is

. [P

B=1{4q
-
Zf:l wi(2A%; +2B9; + é)(@% +7?)

= | Cix wi@Bs;+2Dg; + B} + 5D)

S wi2C%; + 2E9; + FY@2 + 92)

4.3 Expected values and variances of the estimated
parameters

Now we want to know the expected values and variances of p, §
and 7. Suppose we have a function f of two vectors, Ax;(i =
1,...,I) and . Using a first order Taylor series expansion,
we have

fl@i+ Az, B+ AB) = fxs, B) + T ;A + T, AB,

where
of
of op
le’ = azi and J2i = Qj .
8'f xi,0 dq z;,0
O0y; of
or

If we set f(x; + Ax;, B+ AP) = f(x;,0) = 0forall i =
1,...,1I, then we have

Hence
AB =(J3J2)7 1T, : ,
where
!
21
Jy =
7
2I
Also we have
ngAml ilAml
ABAG =K : : K’
JiAzy JiAz;

where
K=(J)Jy) 1T} .

Letp=p+ Ap,§=q+ Aqand # = + Ar and define

A

/D Ap
8=(4d),AB8=| Ag |, and
\7 Ar

VWI(2PE + 290 + 7 ~ 27 — §})

VWI2PEr + 2401 + 7 — 27 — §7)
Note that 3 = 3+ AS. Let ¢; denote the i-th row of € and let
f(@i, 8) = & = JwiQ2pzi + 2qy; + 7 — 7 — D)
where
Z;

T; = .

' ( s )
Let ‘
A:Bi = (El) 5

5
and note that
:%,

.’E1‘+A{B¢: <@Z) .
Since
f@i, B) = Vwi@pz;i +2qy; +7 — z; — y2) =0,
we have

€ = f(x; + Az, S+ AB) = T, Az, + T, A8,



where
2p — 2x; 2z;
J”:\/U)i ( P 7') and J27;=\/'w7; 2y7; .
29 =2y, 1
Since
2. /unxy 24/ /wimn v W1
I
2 /unzy 2./ Wil W2
= = Q’
Jor
2 /wrxr 2. /wryr VWr
if we let € = 0, then we have
{1A$i
QAf =~
IIIA:Bi
Hence
AB=QQ)'Q : - (15)
—J;IAw[

Since E[Axz;] =0 forall i = 1,...,1, after taking expecta-
tions on both sides of Eq. (15), there results;

E[Ap]
E[AB] = (E[Aq]>
E[ATr]
~J ElAz]
=Q'Q'Q : =0,
~J;E[Azy]

which means E[3] = 3. Letting K = (Q'Q)~'Q’, we have

ABAB =K [MM']| K', (16)
where
Ji Az, J Axy
M =
J;IA:E[ J;IA:E]
JlllAwlA:l:/IJ“ J;lA:IhAw’IJ][
J,”A:B]A(BiJn J;IA:IEIAJ!IIJU
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For the variance of AS, we take expectations on both sides of
Eq. (16). Since

2
0 o

2
E[Az;Az]] = (Ui 0 )

and

E[Ax;Ax;] = (g 8) when i#7j,

we have

E[M]

J{IE[AQHA-’IZ;]J“ J;lE[AmlAwé]Jn J;IE[A:IHAQ}/I]J”

J;ZE[A(B;AE;]JU J;ZE[A:rzAzé]le J{ZE[AEQAEII]J”

J;IE[AEIA:E{]JH J;IE[A:EIAwé]Jn J;IE[AEIA:E/I]JH

(p—=z1Hg—y) 0 0
0 (p—z2)Y+g—1) ... 0
=4
0 0 o (p—z1)*Hg—yr1)

=4(r+p* + I =4R1;

where I is an I by [ identity matrix. We know that

K=QQ'Q
VBI2AZ+2By+C) VBIRAZ+2By1+C)
= VWi2Bz+2Dy+E) VWi2Bz+2Dyr+E)
VIICC T+ 2By +F) JOTQCT+2Ey+F)
Therefore, we have
E[ABAB N =4(r+p* + KK’ . 17

and

Ky Kip Kz
KK'=| K, Kp»n Ky |,

K3 Ky Ksn
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where

I
Kll = Z wi(ZA:ci + 2By1 + C)Z ,
i=1
I
Kip = wi(2Az; +2By; + C)2Bx, + 2Dy; + B)
2=1
I
K13 = Z‘wi(ZA.’E,, + 2By2 + C’)(2sz + 253}2 + F) ,
i=1
I
K22 = Z'LUKZBZZL + ZDyz + E)2 R

i=1

I
Ky = w;(2Bx; + 2Dy; + E)2Cx; + 2Ey; + F) ,
i=1
I
Ky =Y w;(2Cx; + 2By, + F)? .

i=1

Since the center of the circle is at (p, g), we already know
the variance of these variables. For the case of i.i.d. noise,
we simply replace w; with o2, W with I/o2, and W with
-1/

5 Ellipse fitting
5.1 Least squares estimates of ellipse parameters

Consider a situation in which points (z;,y;),i = 1,...,I are
assumed to lie on an unknown ellipse and the problem is to de-
termine the parameters of the ellipse. Suppose (x;, ;) satisfies
the model

Al’%‘}-BIiyi+Cyl-2+D$7;+Eyi+F=O, ’L'=1,...,I.

We assume that (x;, ;) are not given,; instead noisy obser-
vations (Z;, ;) of (x;,y;) are given. From the noisy obser-
vations (%;, §;), we must estimate the parameters of the un-
known ellipse. To do this we employ the principle of minimiz-
ing the squared residuals. We are assuming the noise comes
from an independent and identical distribution with mean 0
and variance o2. The general case, noise from non-identical
distribution, will be mentioned at the end of this section. Let
A, B,C, D, E, and F be the estimates of the unknown ellipse
parameters. We want to minimize the squared residual errors

I
£ = (A2} + By + C9; + D2, + B + FY .
i=1

There have been many methods proposed to find least
squares estimates of the parameters of the above model [1,2, 4,
5, 10, 11], but their solutions are not invariant under translation
and rotation since D, E and F are involved in their constraints
which are functions of the origin of coordinates. Bookstein
proposed a general method whose solution is invariant under
the Euclidean group [3]. For any conic, the forms A + C and
B? — 4AC are invariant under the Euclidean group. Since the

only positive-definite invariant that can be formed from these
quantities is (A + C)? + (B% — 4AC)/2 = A + B*/2 + C?,
Bookstein suggested A2+ B%/2+C? = 2 as a constraint. Also
if the center of the conic is at (p, g), there are two more linear
constraints:

24p+Bq+D =0, and Bp+2Cqg+E=0.

We will employ Bookstein’s method for ellipse fitting.

From now on, we will write z instead of £ for notational con-
venience unless confusion would arise. The sum of squared
residual errors €2 can be written as

e2=0'Sp
where 3=(A B C D E FY and

S

I I I
E : 23 2. 2
= 7 Zi:l Fivi Zi:l i

S is called the scatter matrix about 0 of the vector
(z? zy; Y2 z; y; 1) Notethat S = Q'Q where

z zy oy om oy 1

3 zryr Yy ozr oyr 1

Let D be the diagonal matrixdiag (1 § 1 0 0 0).
We want to find 3 which minimizes €2 = 'S0 subject to
B' D = 2. We partition 3 into two vectors 3; and 5,, each of
which is of length 3, and § into four 3 by 3 matrices;

Su Sn»
S = .
(521 522)
Then
e? = 388 = 8181151 + 26,5126 + 53S0 -

We want to minimize £* subject to 8;.D13; = 2 where D; =
diag(1, 5, 1). For any fixed f;, €% is minimal when

o2
eJe))

which implies

By = —B1812S5,

=201812+26,82 =0,



In this case, we have
e = Bi(S11 — 81285, S21)B

To minimize £ subject to F] D151 = 2, let A be a Lagrangian

multiplier for the constraint.

€ = B(S11 — 81285 S21)61 — MB{ D151 —2) .

By taking the derivative and setting it to 0, we have

(S11 — 81255'821)81 = AD1; .

Therefore, the 3; which minimizes £2 subject to 3] D3 =2
is the eigenvector corresponding to the smallest A.

5.2 Expected values and variances of estimated parameters

To compute expected values and the variances of the estimated
parameters of the ellipse, we will employ the same lineariza-
tion principle as we did in circle fitting. For ellipses, we have

2AZ’7; + Byi +D
J” = ( ) and

B.’L’i + 2Cy1 + F

z?
Y
| ¥
le z;
Yi
1

It follows that

E[AB}=0, and

E[ABAB1=c*KMK',
where
K=QQ'qQ,

and M is a diagonal matrix whose ¢-th diagonal element is
(2Az; + By; + DY + (Bz; + 2Cy; + E)? .

In case the noise comes from a non-identical distribution,
we simply define the entries of matrix S as a weighted sum
and follow the exact path.

5.3 Expected values and variances of center of ellipse

The variance of the center of the ellipse can be computed using
first order Taylor series expansion. If the center of the ellipse
is (p, ), then we have

_2CD-BE
- —4AC
_2AE-BD
- —4AC
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Let the estimate of the coordinate of the center of the ellipse
be

26D BE
P="8 4ie
- AA BD
1= B 446

Consider $ and § as functions of five variables 4, B, &, D, E.
A first order Taylor expansion around (A, B,C, D, F) pro-
duces

peprd-4 4pon—(B_B)B€izﬁfc
+(C — 0)3&% (D—D)Bz_z_—aAC
—@~B—J%E,
<>—<>—
+(E-E)-B—2—§%.

Since E{AS] = 0, we have E[p]
variances of p and §, we have
V() = El( — p)°]
hlz [a2V(A)+ b2V (B) + V(C) + &2V(D) + V(E)
— 2apbpcov.(A, B+ 2(1,,cpcov.(A7 )
+ 2apdpcov.(fl, Dy - 2apepcov.(fl, E)
- 2bpdpcov.(§, D)+ 2bpepcov.(1:e>’7 B
+ 2cpdpcov.(é’, Dy-— 2cpepcov.(é’, )
~ 2dpeycov.(D, B)]
V(@ = Bl@ - 9]
hlZ [a2V(A) + V(B + EV(C) + V(D) +elV(E)
— 2agbgcov.(A, B) +2a,c,c0v.(A, C)
— 2a,4d4c0v.(A, D) +2a,e,c0v.(A, E)
— 2bgcqeov.(B, 8 + 2byd,cov.(B, D)
— queqcov.(B7 B — Zchqcov.(é, D)
+2cqeq00v.(C, B — 2dgeqcov(D, B)),
cov. (ﬁ, @ =El®-p)Xg— )]

= p and E[§] = q. For the

— prcpcov.(B, %))

= [apaqV(A) +bpbV(B) + e, VIC) — dpd, V(D)
— epeq V(&) — (apby + aqbp)cov.(A, B

+(apeq + aqcp)cov.(fl, é’)

+ (aqdp — apdq)cov.(ﬁ, Dy+ (apeq
— (bpcg + chp)cov.(é, )+ (bpd,q

+ (bgep — bpeg)cov.(B, E) + (cyd,

— agep)cov.(4, E)
— qup)cov.(B ,D)
dq)cov.(é’, ﬁ)

+ (cpeq — Cqp)eov(C, B) + (dpe, + dgep)cov.(D, By,



104

where

ap =4pC aq=2E+49C ,
by = E +2pB , by=E+2B,
cp=2D+4pA, c¢,=44A,

d, =2C, d, =8B,
ep=hB, eq =24,
h=B*—4AC .

6 Variances of measurements of vision tasks

We have discussed how the edge position uncertainties prop-
agate to the parameters of the lines, circles, or ellipses. We
derived formulas for the variances and covariances of the es-
timates for each coordinate of the corner point, which is an
intersection of two straight lines. We also derived formulas
for the variances and covariances of the estimates for each co-
ordinate of the centers of circles and ellipses. Now we want to
determine the variances of the estimate for the final measure-
ments. We will discuss two cases: (1) distance and (2) angle.

6.1 Distance between two points

Let (r1,¢1) and (2, ¢2) be the coordinates of the two points
between which we measure the distance. These two points
may be either a corner point or the center of a circle or an
ellipse. The real distance between these two points is

d=/(r1 =P +(c1 — ).

Let (71, é1) and (,, &;) be the estimates of (ry, ¢y) and (74, ¢2).
Then the estimate of the distance d is

d=/(F1 =122 +(@& — &) .
Again we proceed with a first-order Taylor expansion around
(rla C1,T2, CZ)'

(Fr —r)(r1 — 1)

(&1 —c)er — )

d=d+ 7 7
P )i —m) (& —a)e o)
d d

=d+ é— [(ry = P)[(F1 — 1) — (2 — )]
+(c1 — e)[(@ — ¢) — (& — )]

= é[(r1 — )Py — ) + (€1 — )& — &)] -
Hence the variance of the estimate of the distance d is
V(d) = El(d - d)’]
= %E [((r1 = 2)(F1 — 72) + (c1 — )@ — &)
—2B[(ry — ra)(f1 — 12) + (1 — )@ — &)] + &
= [0 = PP By — #2714 (01 — 02 Bl — 227]
+2(r1 — )1 — ) EL(f — f2)(@ — &)]] — d” .

Using the fact that the two points are independent, i.e.
(cov.(f1, 72) = cov.(é1, &) = 0), we have

E[(f1 — 72)°] = V(#1) + V(#2) + (ry — 1),

El(@ — &)’1= V(@) + V(@) + (o — e),

and COV.(ﬂ,éi) = E[flél] — TG4, 1= 1, 2.
Therefore, after some algebra, we have

A 1
Vid) =5 [(r1 = T2’V (1) + V(#)] + (1 — &2)?
X [V(&1) + V(E)] +2(r1 — m)(e1 — &)
X [cov.(P1,81) + cov.(f2,&)]] . (18)

6.2 Angle

In this subsection, we will analyze the variance of the angle
measurements. Ina 2D image, two straight lines make an angle.
Also three different points that do not lie on the same straight
line make an angle. The angle that two straight lines make can
be measured by finding the angle that each line makes with the
x-axis and subtracting the smaller angle from the bigger one.
We will discuss the variances of the angle that a line makes with
the z-axis first and then the variance of the angular difference.

6.2.1 Direction cosine

Suppose a line whose equation is

ar+fy+v=0, a*+8*=1,

is given. This line equation coincides with the line fitting model
defined in Sect.3, and « and 3 are direction cosines to the
z- and y-axes, respectively. Let € be the angle that the given
line makes with the z-axis. Then it is not hard to see that the
expression for E [(& — &)*] and E [(B — [3)2} can be used to

generate an expression for the variance for the angle 6 defined
by cosf = &, sinf = 8.

A first order expansion of cos f around 6, where cos 6 = a,
and a first order expansion of sin § around 6, where sinf =
gives

cosf =cosf+(f — N)(—sin §) ,
sinf=sinf+ (6 — O)cosb .

Using this approximation, we have
E [(cosé — cos 9)2} +E [(siné — sin 0)2]
=E [(é - 9)2} Gsin? @ +cos? 0) = E {(é - 9)2] .
Since we have
E [(cos§ — cos 9)2] +E |(sin0 ~ sin 9)2}
=E[@-a?]+E|}3-p7] ,



upon substituting, we get

E|@-67)=E @G- a’+@- 5

=V +V(QP).
Therefore, the variance of the angle that the given line makes
with the z-axis is the sum of the variances of the direction
cosines of the line.
6.2.2 Angle between two straight lines

Suppose that two straight lines L; and L, are given,

az+py+v =0 (L)
a2 + ﬂzy +v = 0 (Lz)
and we are to measure the angle between them. Let the angle
that L; makes with the z-axis be #; and the angle that L, makes
with the z-axis be §,. Then the angle we want to rpeasureAis
8§ = 6; — 6,. Let the estimates of 8; and 6, beA 0, anAd 05,
respectively, and let 0 be the estimate of 6. Since 61 and 6, are
independent, the variance of 9 is
V(@) = B[ - 6)]

=E [1( - 6) - 61 — 0)F]

=E[0 - 07| + E [0, - 0]

=V@)+V &)

=V(@)+ V(B + V() +V(G) - (19)

If we have already estimated parameters of the two given
lines, there is no problem since we know that
§
z 7y W
W(os + o)

) . o2+ o3+
Vie)+V(6) =

When % < 02 + 02, we have

( = W(o3 +02)
However, if we have only the coordinates of three points, then

we must estimate the parameters of the line that connects two
points.

C(r3,c3)

Fig. 2. An angle made by three points
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6.2.3 Angle made by three points

Suppose we are given three points A, B, and C, and want
to measure the angle ZABC(see Fig.2). To determine the
variance of the angle ZABC, we need to know the variances
of parameters of two lines passing through both A and B,
and both B and C, respectively. Since the line equations are
not available, we need to estimate the line equations from the
given points.

Suppose we have two points, (71, ¢;) and (3, ¢;). Then the line
that passes through these two points is

(a—c)z—(r2—ry+(rac1 —r1cp) =0

Since a? + 5% = 1, we have

G —C
= —-————d 3
™ —T
/8 = - d 3
7201 —T1C
—_ -————-————d 5
where

d=/(r — 2 +(ci — e2)? .

Let the estimates of « and 3 be

. O—&

b= —5—,
d

A Fo — F1

=—=2_1
d

where

d=(F1 — P22 + (&1 — &) .

Using the first order approximation, we have

a=a+ 2NN 1y ay )
()’

7 [(G-c)-G-ca)l.

PRY
b=+ (1 — ) — 2~ o)
_m—rde—ca) .

" (@ — 1) — @ — )] -

Using the fact that the two points are independent, the variance
of & is
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(r2 — )2 — &1)?

V(&)= El(6 — @)1 =

p7]
X B [(Fy — r)? = 2P — r1)(F2 — r2) + (Fa — 127
+(7‘2"7’1)4E[(A 2 2%e A
— El@ - a) =26 —alé —c)
2(ry — 1) (c2 — 1)

+(& — e2)’] — 7
X B{(PFy — r)(@ — 1) + (P — 12)(& ~ ¢2)
— (F1 =)@ — €2) — (P — )& — ¢1)]

(ry ~ 11)%(cz — 1)

2
= (V) + V(#)]

d4
_ 4
+ 22 @)+ Ve
2y~ —cr)

7 [cov.(P1, &) + cov.(Fa, &2)] .

Similarly, the variance of 3 is

V(6= El(B - By
4
e —c
=2 i+ v
(ry — )y — 1)
4
2ry — ) ~ 1)
_ yr
Therefore, the variance of the angle that the line makes with
the z-axis is

V@) =V@a)+ V(B

2
V(&) +Vi(e)]

3
[cov.(fy, &) + cov.(fy, )] .

. 2 _ 2
=@ e+ v+ 2T
X V@) + V(@] - =Tl = o)
X [cov.(Fy, &) + cov.(Py, &) . 20)

Now we turn to the question of determining the vari-
ance of the angle ZABC. Let the coordinates of A, B, C
be (r1,c¢1),(r2,¢) and (r3,c¢3), respectively and the angle
LABC = 6. Let the angle each line makes with the z-axis
be 8, and 6,, respectively(see Fig.2). Then, using Eq. (20),
simple algebra produces

V@ =V6)+ V)

— )2 — —
_e 201) (V) + V)] + (r 7"1)502 cr)
e .
X V@) + Ve - X2 o)
1
N2
X [COV.(Py, &) + cov.(Fy, )] + S%Eg‘?l
X V5 + V) + TN 200
2
X V@) + Viey) -~ 2= = o)
2

X [cov.(F3, 3) + cov.(F7, G3)]

where

di = V(1 — 12 +(c1 — )2,

dy = /(13 = 12 +(c3 ~— o).

7 Summary of the derivations

We summarize all the results in the preceding sections here.

7.1 Variances of least squares estimates of line parameters
V(@) =5T,
VR =aT,
I I

ax 2,2 2
VH) = (Nz*‘l‘y"Y +W)T+W ,
cov.(&, B) = ~afT ,
cov-(&, 4) = B(—pzf + pryo)T

cov.(B,4) = s — pyo)T

2 4524 L
=%+%+W

37( 2 232 °
W(a; +03)

7.2 Variance of corner point position
1

(0 8y — aBr
X [BE[(G1r + Bic+5)*] + BLE[(Gor + Bac+ )] |

V() =

1
(o — aafh)?

x [Q2E[(@ur + Bic+ 51 + 2 E[(Gar + Bac + A1),

Ve =

1 A
BB [~aBEl(our + Bre+41)]

~ a1 B El(Gar + Bac+ )]

where

cov.(7,¢) =

E[(@r + Be+ )2 = V(&) + AV(B) + V(%)

+ 2rccov.(@, B) +2rcov.(&, ) + 2ccov.(ﬁ, ¥ .



7.3 Variance of circle center position

Ky Kin Kis
E[ABAB 1 =4(r+p*+¢") | K1z Kn Kn |,
K13 Kyp Kis
where
I
K =Y wi2Az; +2By; +CY
i=1
I
K=Y wi(2Az; + 2By, + C)2Bz; +2Dy; + E)
i=1
I
Kz = Z w;(2Az; + 2By; + C)Y(2Cz; + 2Ey; + F) ,
i=1
I
Ko = Z w;(2Bx; + 2Dyz + E)2 s
i=1
I
Ky =Y wi2Bz;+2Dy; + E)2Cz; +2Ey; + F) ,
=1
I
Ky =Y w2Cz;+2Ey; + F)* .

i=1
7.4 Variance of distance between two points

N 1
Vd) = = [(r1 — )" IV(#) + V(ED] + (c1 — )’

x [V(&) +V(&)] +2(ry —mp)(e1 — &)
X [cov.(f1, &) + cov.(f2, &)1] -

7.5 Variance of angle between two straight lines

V@) =V(a)+V(B)+ V() + V() .

7.6 Variance of angle made by three points

V) =V@)+Vb)

— 2 _ 3
= (Cz—dzCl—) V(ED)+ V()] + W
! 1
X V@) + Vi(en) — 227 Til)z(cz —a)
1
— 2
X [cov.(71, &) + cov.(fz, E2)] + @T@
2
X [V(#3) + V(F2)] + (ra—r 3()1502 —c3)
2
X [V (@) + Vi) - 2212 =)
2

X [cov.(T3,C3) + cov.(fy, E)]
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where

di = /(r1 — ) +(c1 — 22,

dy =/ (r3 — )2+ (c3 — c2)? .

8 Experiments and results

In our derivation of expected variance of measurement, we
used an approximation employing a first-order Taylor expan-
sion to linearize the equations. In this section, we will demon-
strate that the formula for the variance of the measurement
derived using the first-order Taylor approximation is good
enough for practical use, at least in a statistical sense. We will
briefly discuss the statistical test method first, and then we will
describe our experimental protocol followed by a discussion
of the results.

8.1 Statistical test

The test we are conducting concerns whether the variances of
the estimates of line parameters and/or the center of a circle
or an ellipse have the form of the formulas presented in this
paper. We describe the test involving line parameter &; other
tests are similar.

Suppose we want to test if o3, which is the variance of the
random variable &, is equal to V(&). Then the null hypothesis
and alternate hypothesis would be

Hy:0% =V(®,
Hi:0%#V(a),
and the test statistic is

o — V(&)

g2
&

TS =

Since we do not know the distribution of 6%, we need to esti-
mate the mean and variance of 0. We use the sample mean
and variance of the statistic V(&) for the estimates of the mean
and variance of 3. Let the mean and variance of samples of
V(&) be V and s2 respectively. Then the test statistic would
be

21

where n is the sample size. Although TS possesses a ¢ distri-
bution only if the sample is selected from a normal distribu-
tion, the ¢ distribution provides a reasonable approximation to
the distribution of TS [9]. As n increases, TS asymptotically
approaches the standard normal distribution, N(0, 1) by the
central limit theorem [8]. Therefore we cannot reject the null
hypothesis if TS. < Z,,, with level of significance o, where
TS is the computed test statistic, and Z,, is the standard
normal distribution table entry for «;/2.
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8.2 Experimental protocol

This subsection describes how the samples for the estimate of
variance of the random variables are generated and how the
test statistic is computed. We present only the procedure for
line parameters, since the others are similar. For simplicity,
we assume that the random noise comes from an independent
and identical distribution with mean 0 and variance ¢2. In this
case, we have the following identity:

Suppose a line az + Sy + v = 0 is given. Since V(&) is a
function of five independent variables, a, 3, v, 03 +072, and 02,
we will vary the values of one variable with the others fixed.
Since o + % = 1, a and 3 are on the unit circle, and can be
controlled by an angle. If the angle made by the vector (o, 3)
with the z-axis is 6, then we have a = cos # and 3 = sin §. We
define

»?={0.5,1.0,2.0,3.0} ,
2 _
»2, = {50, 100,500, 1000} ,
['={-125,-25,-5,-1,0,1,5,25,125} ,
0 = {0°,30°,60°,90°,120°, 150°, 180°,210°,
240°,270°,300°,330°} .

The top-level procedure is shown in Fig. 3, and the procedure

that computes the test statistic is shown in Fig. 4.

In summary, we use I = M = N = 100. Therefore, for each

combination of (02, 02 + o, , 0),

1. A set of 100 true points on the given line is generated.

2. For this set of points, 100 sets of 100 noisy points are con-
structed.

3. For each set of noisy points, the least squares estimates of
line parameters are determined.

4. For these 100 sets of noisy points, the sample means and
variances are computed.

5. By repeating step 2 to step 3 100 times to reduce the esti-
mation error, 100 samples for the variance are obtained.

6. From the 100 samples of the variance, the sample mean and
variance of the estimate of the line parameter variance are
computed.

Therefore, 4 x4 x9x 12x 100 X 100 = 17,280,000 experiments
are performed.

for each 0% € 2 do
for each ¢Z+02¢ 2, do
for eachy €T do
for eachfc @de
compute TS
end
end
end
end

Fig. 3. The main control procedure for the statistical test in which
line parameter « is involved

step 1: (Generate exact line)
generate I (2;,%;)’s such that 62 + 67 is a given constant.

step 2: (Generate estimated lines and compute sample mean and variance of the vari-
ance of the least squares estimate of the line parameters)
forj=1,Mdo
for k=1,Ndo
add random gaussian noise o2 to the (z;, ¥;)’s generated in step 1.
compute the least square estimate of the line parameters,

G, Bk, Y-
end

compute the mean of the estimate of the variance of the least
squares estimate of the line parameters, for instance,

X i Y .
4; = FZ“:‘ and Vj(&) = HZ(M - &)
k=1 k=1
end

compute mean and variance of the estimate of the variance of the
least squares estimate of the line parameters, for instance,

- 1 M 1 ¥ =
V(6) = 37 3o Vi(@), and 5%,(&, = 57— 2 Vi(@) - V(&)™

=1 =1

Fig. 4. The subprocedure that computes the test statistic for the test
in which line parameter « is involved

8.3 Implementation

We implemented the experimental protocol described in the
previous subsection using the C programming language on a
SUN4 computer. Details of the implementation are discussed
in this subsection.

8.3.1 Generation of normal random variates

There are several algorithms known for generating pseudo ran-
dom normal variates. The method we use here is a modified
Box-Mueller algorithm [6, 12]. The algorithm consists of the
following steps:

generate two uniform random numbers, U; and U,
letVi=2xU;—Land Vo =20, — 1,

let S = V3 + V2,

if § >=1, go back to step 1,

otherwise, let 7 = y/—2 x log(S)/ S,

let X1 =Vi*Txo+p,and Xo =Vox T o+ p.

A S e

X1 and X, are two random variates from the normal distribu-
tion N(u, 0%). We used the pseudo random number generator
in the standard C library to generate uniform random numbers.

8.3.2 Generation of points lying exactly on the given line

Suppose a straight line oz + Gy + v = 0 is given, and the
condition o + 32 = 1 holds. The geometric meaning of this
straight line is illustrated in Fig. 5. It is perpendicular to the
unit vector © = («, 8) and —~ away from the origin. We want
to generate I points such that the sum of variances of the z and
y coordinates of those points are equal to some given constant,
say T'. Let Z be arandom variable from a uniform distribution
with mean O and variance T?. Then we have

E[Z]=0, E[Z*]=T".

Let z; be an instance of Z. Let (g, yo) be the coordinate of the
closest point on the given line from the origin in the direction of



Table 1. Test statistic values of the test for V(&) when o® = 0.5 and o7 + o, = 50.0

vy 6 where oo = cosd and § = sin 8

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 2.56 0.04 0.00 0.09 0.14 0.04 236 0.19 000 0.03 0.14 0.01
25 2.64 0.02 004 0.07 003 020 270 0.19 005 0.06 0.06 0.11
5 2.89 0.04 0.03 0.05 0.05 001 288 0.06 0.11 0.01 002 0.02
1 221 0.04 0.03 0.02 0.10 0.02 3.11 009 0.0 005 0.11 0.08
0 2.56 0.02 0.05 026 0.15 007 3.04 005 0.11 0.02 0.05 0.04
-1 2.61 0.11 0.09 0.04 0.12 022 253 003 006 0.04 0206 024
-5 247 0.10 0.06 0.06 025 0.02 281 0.04 009 0.10 0.17 0.04
—-25 244 0.13 0.03 0.03 0.11 003 2.67 0.6 016 0.13 0.09 0.07
—125 2.53 0.01 0.05 0.10 0.03 0.07 267 0.11 0.05 0.00 0.07 0.01

Table 2. Test statistic values of the test for V(&) when o* = 0.5 and o3 + o2 = 100.0

¥ & where o = cos @ and § = sin @

0°  30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 278 007 0.02 0.01 0.10 0.08 291 0.04 0.10 0.06 005 0.12
25 3.04 004 007 0.08 0.12 006 3.09 0.03 0.03 003 006 012
5 2.81 0.15 0.06 0.00 0.07 0.06 280 0.09 0.16 0.05 0.10 0.07
1 293 0.09 021 0.06 002 0.11 293 005 003 0.13 024 0.05
0 242 0.13 0.01 005 0.12 0.04 250 0.02 0.11 0.03 0.09 001
-1 271 0.17 0.0 012 0.12 004 271 0.02 010 001 0.06 0.02
-5 274 0.04 004 0.11 0.03 0.08 252 0.03 022 001 0.10 0.08
—25 245 001 005 0.17 0.12 001 275 0.07 010 0.14 0.09 0.06
—125 274 0.13 0.03 0.04 0.16 0.11 277 001 0.09 0.05 0.05 0.03
Table 3. Test statistic values of the test for V(&) when o” = 0.5 and o2 + o2 = 500.0
¥ 6 where @ = cos § and 3 = sin

0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 270 0.04 0.23 0.15 027 0.03 270 021 007 0.06 0.06 0.01
25 323 0.11 0.08 008 0.14 002 257 0.16 000 006 0.08 0.12
5 274 0.13 0.03 0.06 0.11 0.04 3.05 004 0.13 0.02 0.10 0.00
1 2,76 0.13 0.17 0.13 0.00 0.12 292 001 0.13 0.01 0.11 0.02
0 2,66 0.17 0.13 0.10 0.03 0.08 256 009 0.12 0.00 0.13 0.04
-1 273 0.10 0.04 0.18 0.01 0.04 320 007 0.06 002 001 0.12
-5 244 003 000 002 012 0.10 249 0.09 0.12 0.02 013 0.13
—-25 2.82 0.09 0.12 0.12 0.14 0.04 2.83 0.03 001 0.03 0.09 0.03
~125 333 0.12 0.14 0.10 0.19 0.16 2.77 0.07 0.06 0.14 0.13 0.09

Table 4. Test statistic values of the test for V(&) when ¢* = 0.5 and o2 + o2 = 1000.0

vy & where . = cosf and 3 = sin 8

0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 2.09 0.01 0.02 0.06 0.08 005 271 015 0.02 0.04 0.01 0.09
25 2.37 0.08 0.14 0.10 0.05 0.11 221 0.10 0.00 0.02 0.05 0.10
5 3.00 0.04 0.10 0.00 0.05 0.03 2.87 002 0.12 006 0.06 0.16
1 2381 023 0.03 0.10 0.04 0.08 3.04 0.10 0.02 0.11 0.11 0.02
0 284 004 0.03 0.02 028 0.15 268 023 0.10 0.04 0.06 0.23
-1 279 001 002 0.11 0.09 0.05 348 0.06 0.04 0.16 0.10 0.03
=5 247 012 0.09 0.03 008 004 264 001 001 0.04 012 0.07
—25 3.05 0.03 0.08 007 0.13 0.10 235 002 004 0.05 0.03 0.09
—125 2.82 0.13 0.07 0.02 0.08 001 2389 0.13 0.03 0.11 0.06 0.04
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Table 5. Test statistic values of the test for V(&) when o” = 1.0 and 62 + 02 = 50.0

¥ # where & = cos 6 and 3 =sin @

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 223 022 0.01 0.01 0.16 0.23 247 0.07 005 0.24 0.01 0.03
25 2.83 0.10 0.01 0.07 000 0.06 2.66 0.09 0.18 0.02 0.11 0.01
5 294 0.01 0.09 0.02 0.02 0.14 2.50 0.03 0.09 0.06 0.02 0.06
1 282 0.12 016 0.06 0.11 0.06 2.82 0.10 0.10 0.0860.05 0.01
0 3.01 0.05 0.04 0.06 0.13 0.11 241 0.12 0.15 0.06 0.09 0.05
-1 2.66 031 0.14 0.05 0.02 022 2.84 0.06 0.03 0.08 0.10 0.12
-5 2.38 0.16 0.19 0.09 0.09 0.07 2.87 0.17 0.04 0.09 0.03 0.01
—-25 265 0.03 0.05 0.17 019 0.01 2.61 0.04 0.09 0.04 0.06 0.19
—125 2.86 0.09 0.03 0.09 0.06 0.14 2.68 0.03 0.05 0.12 0.03 0.171

Table 6. Test statistic values of the test for V(&) when ¢ = 1.0 and o+ aé = 100.0

¥ 6 where o = cos 6 and 3 = sin 0

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 298 0.05 0.14 024 0.02 005 260 0.01 014 0.03 0.03 0.15
25 220 0.00 0.02 0.05 0.00 0.03 251 020 004 0.02 002 0.02
5 2.60 0.10 0.07 0.07 0.12 0.07 269 020 0.03 002 0.04 0.11
1 2.50 0.12 0.10 0.06 0.02 0.03 2.69 023 0.00 0.00 0.07 0.08
0 262 0.01 001 0.06 0.05 0.09 3.00 0.14 0.03 005 020 0.03
-1 2.46 0.08 004 0.09 0.09 0.10 2.89 0.05 0.09 022 0.10 0.09
-5 2.59 005 0.04 0.05 0.05 010 259 0.12 003 027 0.12 001
—25 234 0.14 0.5 0.09 0.14 0.16 2.86 025 004 0.09 0.01 0.09
—125 2.8 0.04 0.09 0.11 0.03 0.20 272 0.01 0.18 0.04 0.00 0.02

Table 7. Test statistic values of the test for V(&) when ¢” = 1.0 and o2 + 0% = 500.0

¥ 6 where o = cos @ and 3 = sin 8

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 2.87 0.10 005 0.02 0.12 0.10 289 0.02 0.05 0.06 0.04 0.11
25 235 0.09 0.09 0.06 0.09 0.11 3.04 006 007 0.4 0.11 0.07
5 275 0.06 009 007 0.08 0.06 358 0.09 0.15 0.05 0.02 0.08
1 262 002 0.13 002 006 008 3.08 0.13 001 0.05 0.11 0.28
0 256 0.01 0.01 003 015 0.12 2.82 0.09 0.02 004 002 0.17
-1 298 0.05 0.12 0.11 0.01 0.07 255 023 0.12 0.07 0.09 0.05
-5 321 0.01 0.06 0.06 001 0.04 250 0.15 0.05 0.10 003 004
—-25 332 0.17 0.01 0.14 0.16 0.01 2.60 0.12 0.14 0.10 021 0.13
—125 2.18 0.05 0.01 0.10 020 0.05 3.31 0.28 0.12 0.01 0.05 0.09

Table 8. Test statistic values of the test for V(&) when ¢* = 1.0 and o5 + o, = 1000.0

¥ 6 where o = cos @ and 3 = sin 4

0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 3.00 0.0¢ 0.01 0.10 0.08 0.18 290 024 0.03 0.07 0.11 0.19
25 339 0.22 0.07 0.04 001 0.02 224 0.15 0.04 0.06 0.00 0.01

5 2.66 004 0.11 0.04 006 002 268 018 0.01 0.14 0.07 0.01
1 2.38 0.13 0.2 0.13 0.18 0.11 295 0.05 0.02 0.05 0.11 0.00
0 2.51 0.12 0.07 0.14 0.08 0.14 279 0.09 0.00 0.12 0.00 0.00

-1 236 0.12 0.01 0.04 0.14 0.01 257 020 0.04 0.08 0.08 0.03
=5 2.79 0.01 0.08 0.07 0.15 0.10 2.53 0.11 0.15 0.02 0.06 0.01
—25 270 0.04 0.01 0.04 0.12 0.04 261 0.14 0.16 008 003 0.04
—125 270 0.02 0.08 005 0.05 026 2.64 0.03 0.14 0.04 0.00 0.05




Table 9. Test statistic values of the test for V(&) when o = 2.0 and o2 + ai =50.0

¥ # where a = cos# and § = sinf
0° 30°  60°  90° 120° 150° 180° 210° 240° 270° 300° 330°
125 2.67 0.00 028 0.11 022 0.10 272 0.11 0.11 0.03 0.03 0.00
25 2.97 0.06 0.05 024 004 0.06 247 029 0.08 0.06 012 0.04
5 3.00 0.06 0.04 0.13 001 025 2.69 0.18 0.11 0.02 0.12 0.01
1 2.62 008 0.11 0.08 0.03 006 347 0.18 0.14 0.12 0.05 0.03
0 2.72 0.18 0.19 0.04 0.09 0.08 247 0.04 0.00 001 0.06 0.12
—1 2.82 0.06 0.04 0.14 0.09 0.07 2.81 0.17 0.06 0.06 0.00 0.11
-5 276 0.08 0.04 0.01 020 0.10 3.10 0.06 0.04 0.07 008 021
—-25 272 0.16 0.01 0.06 0.16 0.02 257 0.01 026 0.03 0.02 0.04
-125 2.73 0.16 0.14 0.06 025 0.18 258 0.06 0.04 0.07 0.03 0.07
Table 10. Test statistic values of the test for V(&) when ¢* = 2.0 and 02 + o2 = 100.0
04 0 where & = cos§ and 3 = sin 6
0° 30° 60°  90° 120° 150° 180° 210° 240° 270° 300° 330°
125 3.19 0.13 0.17 0.04 0.17 005 247 0.12 0.19 0.05 0.03 0.03
25 2.39 0.01 0.15 0.10 0.08 029 2.60 0.01 0.07 0.08 0.03 0.08
5 2.82 020 0.04 0.07 008 0.06 273 0.06 0.04 0.0960.04 0.06
1 2.59 0.1.3 0.01 0.04 0.06 0.05 233 0.08 0.02 0.00 0.01 0.16
0 2.58 0.04 0.14 0.01 0.13. 0.10 2.80 0.02 0.06 0.04" 0.06 0.22
-1 273 024 0.03 0.02 0.07 0.15 263 013 0.11 0.11 0.19 0.02
-5 279 0.27 0.02 0.17 0.18 0.05 3.19 0.14 0.00 0.01 0.01 0.05
—-25 279 0.11 0.06 005 007 021 313 0.11 0.04 0.12 0.01 0.04
—125 230 0.02 005 0.12 013 0.11 276 0.17 0.06 0.08 0.09 0.11
Table 11. Test statistic values of the test for V(&) when ¢? = 2.0 and o2 + aé =500.0
¥ 6 where o = cos@ and 3 =sin 8
0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 276 0.15 0.12 0.05 0.18 0.05 265 0.04 0.03 0.03 0.07 0.09
25 2.83 0.15 0.02 0.10 0.15 0.09 268 0.03 0.07 003 0.04 0.05
5 3.12 0.04 026 0.02 0.17 0.10 2.67 0.01 0.10 0.04 0.03 0.15
1 243 0.02 0.07 011 006 007 236 0.12 0.06 0.06 006 0.09
0 237 0.17 0.06 0.11 0.15 002 257 000 0.09 0.03 007 0.09
-1 2.89 020 0.07 0.04 0.01 001 252 0.01 0.12 0.17 0.08 0.08
-5 246 0.03 0.11 0.13 0.13 028 261 0.17 0.15 0.13 0.02 0.05
—-25 2.2 0.15 0.00 0.04 0.03 0.08 281 0.15 0.00 0.08 0.06 0.05
—125 2.70 0.10 0.00 0.06 0.06 0.04 242 0.08 003 0.06 023 025
Table 12. Test statistic values of the test for V(&) when 0% = 2.0 and o3 + o2 = 1000.0
¥ @ where a = cos @ and § = sin 8
0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 2.50 0.09 0.02 0.05 0.01 0.02 284 008 0.02 0.11 0.03 0.20
25 335 0.06 0.05 0.01 0.07 0.08 287 022 0.04 0.07 0.07 0.07
5 295 0.16 0.10 0.12 0.17 0.08 229 0.08 0.07 0.04 0.03 0.00
1 2.53 0.10 0.03 0.10 0.05 0.08 2.57 0.10 0.18 0.02 0.01 0.00
0 273 002 0.13 002 0.12 0.05 2.85 0.06 025 027 0.06 0.08
-1 232 0.00 0.10 0.08 0.04 0.14 234 0.12 0.03 0.10 0.03 0.16
-5 299 001 0.14 0.05 008 022 250 0.05 008 0.00 001 0.09
-25 2,67 0.12 026 0.15 0.10 0.08 2.62 0.04 011 0.02 023 0.13
—125 298 0.04 0.00 0.02 023 0.06 298 0.05 019 0.01 0.12 0.05
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Table 13. Test statistic values of the test for V(&) when o = 3.0 and o+ 012, =50.0

¥ 0 where a = cos 6 and 3 = sin

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 292 0.07 0.0l 0.05 0.09 0.11 252 0.17 003 0.10 0.01 0.01
25 255 006 0.12 006 010 0.14 247 0.11 0.02 006 0.14 0.03
5 229 023 0.07 0.13 026 0.18 238 0.17 ~-0.07 000 0.0l 0.04
1 2.62 0.05 0.02 0.12 000 0.04 2.85 0.05 001 010 0.04 0.08
0 2.59 0.06 0.07 0.02 0.07 0.16 246 0.02 006 0.04 0.10 0.04
-1 2.39 0.15 0.11 0.03 0.11 0.18 270 0.14 0.08 0.02 0.05 0.09
-5 262 0.16 0.09 0.04 021 0.07 2.64 0.06 020 000 0.08 0.09
—25 240 006 0.19 0.06 0.10 0.07 223 0.05 017 004 0.08 0.06
—-125 2.51 0.11 0.04 0.09 003 008 255 0.00 011 009 003 0.09

Table 14. Test statistic values of the test for V(&) when % =3.0 and zri + Ji =100.0

¥ 0 where a = cosf and 3 = sin 0

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 291 0.01 002 0.08 0.12 0.03 295 0.10 020 0.08 0.06 0.05
25 2.73 0.14 0.13 0.07 0.14 002 272 0.11 010 005 0.17 0.08
5 2.61 0.10 0.10 0.09 0.11 0.08 3.37 0.06 0.03 022 0.15 0.05
1 2.97 0.09 0.02 0.13 0.06 0.14 2.63 0.18 0.04 004 0.04 0.06
0 2.74 0.04 0.01 0.18 0.01 0.08 281 0.10 0.03 005 0.11 0.10
-1 2,79 0.10 0.13 0.13 0.09 0.14 271 0.04 010 0.09 0.14 0.04
-5 2.78 0.12 0.03 0.09 0.02 0.01 228 0.14 0.12 0.04 0.10 0.06
—-25 2.81 0.01 0.01 0.01 0.12 0.12 273 0.06 0.00 0.02 006 0.02
-125 243 021 0.01 0.18 0.07 0.19 255 0.08 0.15 0.08 026 0.01
Table 15. Test statistic values of the test for V(&) when o” = 3.0 and o + o7, = 500.0
¥ 6 where a = cosf and 3 =sinf

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 285 0.17 0.09 0.14 0.16 0.17 255 0.06 0.19 0.10 0.10 0.04
25 256 0.13 0.18 0.04 0.10 000 294 0.18 000 003 0.03 0.09
5 2.86 0.09 0.06 0.04 0.13 007 291 0.13 0.04 001 0.07 0.09
1 2.83 0.03 0.02 0.10 0.08 001 272 0.00 0.06 001 0.02 0.03
0 2.89 0.17 0.03 0.11 0.03 0.13 296 0.17 0.03 0.07 0.10 0.05
-1 2.28 0.07 0.08 0.05 0.07 002 250 020 0.01 0.01 025 0.02
-5 2.52 0.04 0.11 0.07 0.18 0.10 265 0.03 0.19 0.01 0.15 0.04
—25 2.88 0.07 0.07 0.05 0.15 007 2.88 0.02 0.12 0.16 0.08 0.14
—125 290 0.11 0.03 0.21 0.04 0.01 266 0.11 0.19 0.09 0.04 0.16

Table 16. Test statistic values of the test for V(&) when o” = 3.0 and o3 + o, = 1000.0

¥ 6 where o = cos f and § = sin 0

0° 30°  60° 90° 120° 150° 180° 210° 240° 270° 300° 330°
125 279 0.06 0.07 0.11 0.13 0.07 292 0.04 001 0.01 0.00 0.06
25 2.61 000 0.06 005 005 0.03 218 0.17 016 003 007 0.14
5 249 0.14 005 020 022 008 316 0.03 025 005 003 0.23
1 2.64 012 0.6 0.17 0.06 0.15 229 0.14 0.04 0.07 0.06 0.11
0 221 000 021 0.13 002 005 278 002 004 021 004 0.15
-1 2.69 0.18 0.06 0.03 009 002 264 002 002 0.14 0.13 0.11
-5 269 026 003 002 005 001 273 008 0.05 020 0.06 0.35
—-25 2.89 004 0.17 025 021 0.12 261 015 0.05 0.03 0.10 0.05
—125 294 0.17 0.06 0.00 01.02 0.13 2.82 0.02 0.17 0.15 0.01 0.251




wand (z;, y;) be the coordinate of the point on the Iine that is z;
away from (zg, yo). Then we have the following relationships:

(o, Yo) = —yu = (—ya, —70) ,
x; =X +8infdz; = xg+ B2; ,

Yi=1Yyo — 088z, =yo — 0z .

Let Z and 7 be the mean of the z;’s and the y;’s, respec-
tively. Since we have

E[(z; — 2+ E [(ys — 9)*] =T,

the (x;, y;)’s are lying exactly on the line ax + By + v = 0 for
which o2 + 05 =172

The uniform distribution on the interval [—\/§T, v/3T1] has
variance 72. To generate (z;,1;)’s lying exactly on the given
line, when o2 + o2 is equal to T2, we do the following:

1. Auniformrandom number z from the interval [—\/§T, \/§T]

is generated.
2. The coordinate of the desired point is (—ya + 8z, =y —
oz).

8.4 Results and discussion

The computed test statistic values for each combination of
control variables for the test where & is involved are illustrated
in Tables 1-16. Similar related results are given in [13]. From
the standard normal distribution table, we have the following:

when a=0.001, Za»n=30,
when «=001, Z,;»=2.56,
when =005, Z,,=196.

Since all the values in the tables are far less than 1.0 except
when 6 = 0° or 180°, the test of the null hypothesis Hy: 0% =
V(&), when 8 # 0°,180°, is not significant with the level of
significance 0.4,

Yo - -~~~ (%0, %0)

(=
=3
8
[=]
b

az+fy+y=0

Fig. 5. When o’ + 8* = 1, the geometric meaning of a straight line
azx + By + v = 0 is illustrated. It is perpendicular to the unit vector
u = (&, §) and —v away from the origin
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There are two interesting facts that deserve mention here. One
is the lack of symmetry in the Tables 1-16, and the other is the
higher test statistic values when oo =1 and 8 = 0.

1. Since & = cos § and cos(180° + 8) = cos &, values for 8
are supposed to be the same as those for 180° +6. However, this
symmetry is not found in the tables. This is because the sample
size is finite. In one sample, the constraint ¢ + 02 = T? holds
statistically, but there are variations due to the finite sample
size.

2. When § = 0° or 180°, wehave o« = 1 and 8 = 0. In
this case, most of the test statistic values are larger than 2.56,
which is the critical value for the level of significance 0.01.
The test seems to be significant. However, this is due to the
numerical error which may be avoided only by explicit control.
Since sin 0° that the C library routine of SUN4 computes is
not a true zero, the constraint, o2 = 72 and 05 =0, could not
be achieved in our experiments. Considering the effect of the
numerical error, we can tell that the test is not significant.

Based on the results of statistical tests, we conclude that
the derivations using the first order Taylor series expansion in
the preceding sections are valid.

9 Conclusion

We have extensively analyzed the propagation of the uncer-
tainty in edge point position to the 2D measurements in ma-
chine vision. The errors in 2D measurements, in which 2D
points are involved, are dependent upon the errors in the posi-
tions of these 2D points. The position of a 2D point has error
related to the errors in the parameters of 2D curves which de-
termine the point. The parameters of 2D curves are affected by
the errors in the participating edge point positions. We have
extended the work of Haralick on the relationship between
random perturbation of edge point position and variance of
the least squares estimates of line parameters from indepen-
dent and identically distributed noise to independent, but not
necessarily identically distributed, noise and from lines only
to lines, circles, and ellipses. We also analyzed the relationship
between the variance of estimated curve parameters and the
variances of 2D points. Finally, the variance of the 2D mea-
surement was given in terms of the variances of participating
2D points.
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