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Abstract in [2,[3,[7]. They use measures quantifying the discrim-
ination power of quantizers. In][3], dynamic program-

We propose an approach using optimal quantiza-ming is used to find the optimal partition based on ad-
tion and smoothing to generate adaptive histograms foditive measures/ [1] improves the practical efficiency of
multi-class one dimensional data. The discretization ofthe algorithm on well-behaved additive measures, assert-
data is optimal in maximizing a quantizer performanceing that many widely used classification measures are
measure, defined by a combination of average log likeliwell-behaved. Smoothing makes histograms visually ap-
hood, entropy and correct classification probability. The pealing and suitable for application. WARPIrig [5] and
optimal partition is found by dynamic programming. The averaging shifted histograms [10] methods smooth his-
density of each bin is obtained by a smoothing techniquéograms. Otherwise there are relatively few histogram
that can be considered a generalized k nearest neighbosmoothing methods. Smoothing is important in main-
density estimation algorithm. However, our smoothingtaining consistency of histogram density estimates and
approach is much more efficient. Experimental resultsdeserves further study.
demonstrated the effectiveness of the optimally quantized |n Section 2, we define the quantizer performance
and smoothed histograms. Even though obtaining oneneasure. In Section 3, we introduce a dynamic program-
takes about quadratic time in sample size, an optimal hisming algorithm to find an optimal partition. In Section 4,
togram is much more efficient to use than typical kerneklye propose an algorithm to obtain smooth histogram
methods. Therefore, optimal histograms are more suitdensity estimates. In Section 5, we show some experi-
able in applications with massive data set. ment results to demonstrate the effectiveness of optimal

histograms.

1. Introduction .
2. Quantizer performance measure

Equal bin width histograms are widely used because

they are relatively efficient to obtain and apply. However, | gt x be a sample of siz&l and Yy be the cor-
they are not statistically efficient for two reasons. First,responding class labels. Lkt be the total number of
the bins are blindly allocated, not adapting to the datac|gsses andi(y) be the total number of clagsdata. Let
Second, the normalized frequency may be zero for many) pe a quantizer witt. bins. LetA(q) be the width of
bins and there is no guarantee for the consistency of thgj ¢, Let Nq be the total number of data in bip Let

density estimates. Nq(y) be the total number of clagsdlata in bing.
We advocate data based variable bin width histograms Average log likelihood. Kullback-Leibler divergence

and all bins should contain non-zero density estimate A ;

[8, [9] have proven the consistency of data driven hi;rrom P(x) to p(x) is

togram density estimates and proposed general partition

schemes. [[11] suggests a variable bin width hlstogramD(pHp) /p(x)log E)(X)dx: Ellog p(X)] —E[log p(X)]

by inversely transforming an equal bin width histogram p(x)

obtained on the transformed data. However, it is not clear

how the transform function should be chosen in generalWhich, being non-negative (zero only whpfx)'= p(x)),
A better approach is to find a partition scheme by op-should be minimized. Ag(x) is fixed, maximizing

timizing a quantizer measure. Entropy and likelihood E[log p(X)] is equivalent to minimizinddk.(p||p). Let

[4, 6] have been proposed as quantizer measures. DigXdly) be the density of bimj. Then EUOQ P(X[Y)] can

cretization of multi-class 1-D data is studied extensivelybe estimated byW log |_|q:1( (q\y)) . Theoverall




average log likelihoof a quantizeQ is The performance measure functionis defined by
linearly combiningd(Q),H (Q) andP.(Q), as follows
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When the class number rath(1) : N(2) : --- : N(K) is whereW;, Wy andW; are weights. The choice of the
’ I eights depends on the pattern recognition task, nor-

representative for the true data, the overall average Ioefl\lrgally being all non-negativeT (Q) can always be writ-
likelihood is preferred, with the log likelihood of popular ten in an additive forn (Q) — Zé:lT(Q): whereT (q)

classes being emphasized. . o < . .
o is the contribution by an individual big. We define the
Themean class average log likelihodsl performance measure of a sub-quant@iby T (QY) —

1 & logMky (play) Ze=rT(@-

3. Quantization by dynamic programming
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When the class numbét(y) is randomly decided or ev-

ery class has equal importance, the mean class average We are to find ah level quantizeQ optimizingT (Q),

log likelihood is preferred, with every class contributing @lso guaranteeing that the minimum number of data in

equally to the log likelihood of the quantizer. each bin ik € N and that identical data are put into the
Correct classification probability. Let P(y) be the —same bin regardless of their classes. We only put the de-

prior probability of clasy’. Within bin g, the Bayes' rule cision boundaries in the middle of two neighboring input

is equiva|ent t(ya — argmaxp(y) Nq(y)/N(y) Let Nc(q) data. This aﬁeqts the calculation MQ), bUt it iS'tri.Vial
y when sample size is not too small. This restriction pre-

be the number of correct decisions in loji.e.Ne(q) = ventsJ(Q) from overflow. Whenj is 0, the solution is
Ng(yg). We give the definition of the correct classifica- jndeed optimal since the exact placement of the decision
tion probability in two situations. Theverall correct  poundaries are not important for the calculatiorgf))

classification probabilitys andP;(Q). A related problem is solved by dynamic pro-
L gramming, originally proposed inl[3]. Their algorithm

P.(Q) = 2q-1Ne(9) (1) does not handle the minimum number points constraint

N and the identical data requirement. We also use a differ-

e . ent quantizer performance measure with theirs.
Themean class correct classification probability q P

We define the bin class density pygly) = Nq(f({;)\'(w.
1 KL Ne(q) By definition of sub-quantizer measure, the additivity
Pe(Q) = Zlq;|(y:y5) N(y) (2) T(QY) = T(Q¥ 1) +T(q) gives rise to a dynamic pro-

gramming algorithm. Assumg&y andYy are already

In the above two equations,is indicator function. The sorted in non-decreasing order Ry Let T[n,q] be the
choice of either should follow the considerations ex-maximum performance measure from bin lcgtevhen
plained for the choice of average log likelihood. Xn is the largest data in big. Let1[n,q] be the index
Entropy. Similar to the case of average log likeli- to the smallest element in theeth bin such thafl [n, g
hood, we give two options: overall entropy and meaniS achieved. LeT[i,n] be the quantizer measure con-
class entropy. Again, the choice of either should followtributed by a bin containing exactiyto x,. The dynamic
the considerations explained for the choice of average lo§rogramming is described below.
likelihood and correct classification probability. We de-  Initialization.  T[0,0] = 1{0,0] = 0, 1{0,q] = -1

fine theoverall entropyby for g € {1,---,L}, I[n,0] = -1 for n e {1,---,N},
I[n.q] = —1for (n,q) € {(n.4)[0< q < maxL,n— (N
H(Q):&Iogﬁ 3) L)) or min(n,L) <q<L,1<n<N,1<q<L}.
N Ny Feasible decision boundary index sé&te indices of
the feasible data for being the smallest element incpin
We definemean class entroplyy form the setdq = {i|,i <n—k+1,1[i—1,q—1] # -1,
L Xi-17 X 1[N0 # —1, % # X1} T <n—k+1 guar-
H(Q) = 1 Z z Ng(y) log N(y) @) f'intees b|_rq contains gt leask data. k plfays a smooth-_
K & N(y) Nq(Y) ing role, like the one in the nearest neighbor smoothing

method.l[i — 1,g— 1] # —1 states that;_; must be fea-
Entropy has been used as a class impurity measure. Bgtble for the largest element in the previous ki 1.
we use entropy as a measure of the consistence or genes- ;1 # x, enforces that the feasible largest element in the
alization ability of the training results. previous bing— 1 must not be the same &g to avoid



splitting equal valued data into different bing, # X1
is not to split equal valued datéin, ] # —1 asserts that o, o
Xn Must be feasible for the largest element of tpin o o°

05 05

Recurrencelf Aq is empty, therl [n,q] £ —1, mean- o4 o4

03 03

ing X, does not qualify for the largest element in lgjn 0z 0z

Otherwise, °; ”
T [n’ q] émaXT [i _ 17 q . 1} + Tl[i’ n} (6) 15 2 25 3 35 4 45 5 15 2 25 3 35 4 45 5
1€4q (a) Equal bin width (b) Optimally quan-
I[n,q] éargmaxT [—1,9-1+ Tl[i, n| ) histogram. tized histogram.
icAq

We assert thafl [N,L] indeed achieves the maximum  Figure 1. Old Faithful geyser eruption du-
measure, the corresponding partition is an optimal so- ration (minutes) density estimates. Below
lution, and the algorithm has time complex@(LN?). each plot is the empirical density.

4. Density of a bin and smoothing
density changes rapidly, narrower bins are used by op-

Weighted Averaging of Rounded Points (WARPing) timal quantization. This is mostly desirable because the
is introduced in[[5]. The data in each bin are roundednarrower bins may lead to more accurate density esti-
towards the center of the bin. Then the rounded data, inmates of the sharply changing density regions. The op-
stead of the original data set, are smoothed by a Parzeiimally quantized and smoothed density looks smoother,
window method. For the density estimate of a sin-where three modes approximately at 1.7, 4.1 and 4.5 are
gle point, the time complexity is reduced fro®(N) identifiable, while the equal bin width histogram, not
to O(L). We give a method that extends the notion of smoothed, is overly bumpy. This example shows the bin
WARPing, which smoothes the quantized density usingallocation efficiency of optimal histograms.
a generalizett nearest neighbor approach. Chi-squared data. The data is simulated using Chi-

How to construct thek nearest neighborhood is an squared distribution with 4 degrees of freedom. The sam-
issue. Searching for the exdeth nearest neighbor is ple size is 1000. The quantization level is 8. The den-
not very pleasing because of the computation involvedsity estimates (not smoothed) are shown in Flg. 2. The
We consider only neighboring bins instead of neighbor-dashed line is the probability density function of the Chi-
ing items of data, resulting a very fast algorithm for ansquared distribution. In Fig.] 2(af(Q) = J(Q). The
approximatek nearest neighborhood.

Let Ax(qg) be the width of a minimum neighborhood
that contains at leaktpoints. Letky be the actual number
of points in the neighborhood. Then a smoothed proba-
bility density estimate of bing is

kg
p(a) = 8) .
(@) 31 255A(T) e
(a) Maximum average (b) Maximum entropy
5. Three examples log likelihood quanti- guantization.
zation.

Old Faithful geyser eruption duration data. The
data are a collection of durations, in minutes, of the Old  Figure 2. Density estimates of Chi-squared
Faithful geyser eruptior\ [jO] The Sample size is 107. data using 0pt|ma| quantiza‘[ion_
The quantization level is 30. The optimally quantized
histogram is shown in Fi§j] 1(b), where the quantizer per-
formance measure ®(Q) = J(Q) and number of neigh- bins are narrower for the region from 0 to 2 than for
borsk = 18. The equal bin width histogram, in Fjd. 1(a), the region above 2. It is quite clear that the underly-
does not adjust its bin width to the data. The optimallying density changes much more rapidly[®2] than in
quantized histogram allocates bin width by adapting to[2,«), corroborating the consistency result in{[10]. In
the data. For the low density region from about 2.1 toFig.@(b),T(Q) = H(Q). The bins for the region around
3.4, six bins are used by the optimal quantization, whilethe mode at 2 are narrower than the region further away
about fourteen bins are used by the equal bin width hisfrom the mode. The density of the region around the
togram. Around 2, 3.9, 4.3, 4.8, where the empiricalmode is larger than other regions. When entropy is max-



imized, each bin contains about the same number of datestimates with (Q) = J(Q) +0.5H (Q) + P:(Q). Adding
points. This naturally leads to narrower bins for regionsthe entropy measure stabilizes the density estimates. It
of higher density and wider bins for regions of lower den-gives an even better fit towards the true densities. Still,
sity. The rationale behind the entropy measure is that théhe class boundary region is emphasized. Classification
least commitment should be made to the sample. Thisvould work as well and an extra gain is that the underly-
controls the generalization ability of the estimation re-ing true densities are represented more accurately.

sult. On the other hand, the maximum likelihood his-

togram is always trying to find the best fit to the data andg  conclusions

sometimes it may be overdone.

,T wo elass norgu:aal data. Claes 1 end 2 have 0 Inlﬁan, We described an approach to obtaining adaptive his-
unit variance an mean unit variance normal 'St”'tograms by quantization and smoothing, optimizing a

butions, respectively. The samp_le sizes of both C_Iasseauantizer performance measure. The performance mea-
are 500. The quantization level is 100. The density es: ure contains average log likelihood, entropy and cor-

timates, using different performance measures and a ect classification probability measures. The optimal dis-

smoothed withk = 30, are shown in Fig|5. ~Solid cretization is obtained with a dynamic programming al-

a.n.d dashed Iipes represent the estimeted and true de_BE)rithm. The density of each bin is estimated by a gen-
s!tles, respectively. The dash-dotted lines are the deCIéralizedk nearest neighbor algorithm. Experiments on

Tifferent types of data are reported. The results show
that optimal histograms are powerful in capturing the un-
derlying true densities of the data using given resources.
In addition, it is very efficient to use optimal histograms
than other methods, e.g., the kernel density estimators,
when dealing with massive amount of data.

prior and true densities. In Fi 5@)(Q) =P:(Q). The

Class 1 Class 1
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