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The Class Conditional Independence Assumption

@ Measurement tuple d = (dy, ..., dn)
@ Class c
@ Then the class conditional independence assumption is

N
P(d|c)=P(dy,....,dy|c) =[] P(dn|c)

n=1

@ |t is this assumption that is used in the Naive Bayes
Classifier.

@ There are many other kinds of conditional independence
assumptions.
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Markov Class Conditional Independence Assumption

P(Xn | Xna1---Xn) = P(Xn | Xpe1), n=1,...N—1

Conditioned by class

N—1
P(xi..xn|¢) = | P(xalXnp1 ... xn | €)| P(xn | c)
i
= [H P(Xn [Xn+1 IC)] P(xn | c)
n=1

Assign (x1, ... xy) to class ¢* when
P(x1...xy|C*) > P(xy...xy|C),c#cC"

N—1 N—1
[H P(xn ]xn+1,c*)] P(xn |c¥) [H P(Xn | X041, C ] P(xn |C)

n=1

for all other ¢
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Markov Dependence Tree

Plxq, ..., x7 | €)= P(xq | X2, €)P(x2 | X3, €)P(x3 | X4, C)P(x4 | X5, C)P(x5 | X5, C)P(Xg | X7, C)P(x7 | €)

—
—~
~

Precedence Function
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Dependence Trees

P(x1, X2, X3, X4, X5 | €) = P(X1 | X2, €)P(x5 | X2, €)P(x3 | X1, C)P(x4 | X1, C)P(X2 | C)

DD DD P | X2, €)P(xs | X2, €)P(xa | X1,C)P(Xa | x1,C)P(x2 | €) = 1

Xo X{ X4 X3 X

Precedence Function




Product Probability Expansion

@ If Q(x|c) is a probability function and
o If {Jy,...,Jk} is a partition of [1, N] then

Q(x|c)= Kk (7, (X (1)

||:jx

@ Is an example of a more general conditional independence
assumption

@ It is one of many kinds of conditional probability
assumptions

@ We can say that Q(x | ¢) has a product probability
expansion

@ Ifitis not known that Q(x | ¢) has product probability
expansion (1), we may invoke the product probability
expansion as an approximation
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Product Probability Approximations

A Product Probability Approximation to a unknown joint
distribution Q of N variables has the form

Qx| c)= Hok m4.(x) | €)
k=1
where
@ {Jy,...,Jk} is acoverof [1,N]
@ Q are arbitrary functions Qx > 0
° > Qx[c)=1
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Inverse Projection

@ Let / =[1, N] be the index set for the full space S
@ Let the respective range sets for the N dimensions be
Li,iel
@ Then S = Xj¢/L;, or in the indexed notation (/, S), is the full
space
@ letJC |/
@ Let y be a tuple in the subspace indexed by J so that
Y € XjeyLj; (J,y) is an indexed tuple
Then the Inverse Projection of (J, y) from the subspace
indexed by J C [ is defined by

3 (dy) = {(Lx) € (1,S) | my(l,x) = (J.)}
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Extension

Let there be N variables whose index set / = {1,..., N}

Let the range set for a variable whose index is j be L;
Let P be a probability distribution defined on the space X;c/L;
Let Je C /

Define to P, be the marginal distribution of P defined on the
subspace indexed by Jx

("] PJk : XjEJij — [0, 1]
o Py(d,y) = Z(/’X)gm—':(,jk’y) P(1, x)

Then a probability distribution P defined on the subspace indexed by
| is said to be an Extension of the given functions
Q. Xjey Li = [0,1], k=1,...,Kif and only if

Py =Qy k=1,....K




Maximum Entropy

@ Lewis proved that of all distributions that are extensions of
the given marginals
@ The Product Approximation

o Is the closest by the Kullback Liebler Divergence
@ And has the maximum entropy

P.M. Lewis, Approximating Probability Distributions to Reduce Storage Requirements,
Information and Control Vol 2, 1959, pp. 214-225.
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Kullback Liebler Divergence

Definition

The Kullback-Liebler Divergence (relative entropy) of a
distribution P’ to a reference distribution P is given by

Dy, (P||P)) = ZP /ogP, ))

Although it is not a distance, it is said to be a measure of
closeness of P’ to the reference distribution P
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Mutual Information

The largest entropy Product Probability Approximation problem
was solved by Chow and Liu in 1968 for second order marginal
probabilities using the optimal Kruskal’s spanning tree
algorithm. He used mutual information.

Definition

The Mutual Information between a random variable x and a
random variable y is given by

P(x,y)
ZZPX y)log ==~ POP(Y)

When P(x, y) = P(x)P(y) the mutual information will be zero.
C.K. Chow and C.N. Liu, Approximating Discrete Probability Distributions with

Dependence Trees, IEEE Transactions on Information Theory, Vol IT-14, No. 3, 1968
pp. 462-467.
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Chow and Liu’s Algorithm

Chow and Liu 1968

@ Construct a weighted graph
o If there are N variables, make an N-node graph
o Label the nodes with the index of its variable
@ On the edge connecting node i and node j put the mutual
information weight /(x;, X;)
@ Use Kruskal’s maximum spanning tree algorithm to find the
spanning tree having maximum sum of weights

@ The result will be a dependence tree

@ With the precedence function of the tree, the joint
probability will be the product of the conditional
probabilities P;; where j precedes / on the tree times the
probability of the variable of the root
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Another Generalization

It is also possible to generalize the class conditional
independence assumption in a principled way and allow for
overlapping index sets. We will illustrate with a small concrete
example.

P134(x1, X3, X4) P352(X3, X5, X2)
P3(x3)

14/23



Notice that this form does define a probability distribution. Since
each of the terms are positive, the fraction is non-negative. And
the sum over all values for xq, x», X3, X4, X5 equals 1. To see how
this works, sum on x4, x4 and discover that the total is 1.

Z Z P134(x1, X3, X4) Pas2(X3, Xs, X2)
X3,X5,X2 X1,X4 P3(X3)

N P3(x3) Pss2(X3, X5, X2)
= 2 P3(x3)

X3,X5,X2

> Pasa(xs, X5, %) = 1

X3,X5,X2
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Successive Marginals Overlap with One Variable

Let Jy,..., Jy be the index sets defining the subspaces.
JanNdp=0ifb>a-+1 (2)
|JaNdari| <1, ae[1,M—1] (3)
If g/a N ‘/a—k1 ?é @,

JaNdast £ dpNdps1, abe[I,M—1], a#b  (4)

@ Constraint (2) reqwres that non-successive index sets in
the ordering (1, M) have no elements in common

@ Constraint (3) requires that successive index sets have
only one element in common

@ Constraint (4) implies that the at most one element in
common of successive index sets is unique
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Successive Marginals Overlap with One Variable

If constraints (2), (3) and (4) are satisfied and
{m}t=Im—Imp1,m=1,...,M —1then

[In_1 P, (14, (1, %))
Pl x) = TIM=1 Py, (7, (1, X))

_ <M ! Py (1, X))

P (7, (1, %)) ) Pr,,, (T (1, X))

< 3
[Nl

= ( Py (T gty (1, X) | 77 (1 X))> Py (T (1, X))

m=1

is the largest entropy extension of the marginals P, ..., Py,
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Dependence Tree Fourth Order

o /={1,....N}

@ N is dividable by 2

@ There are Q = N(N — 1)/2 size 2 subsets of /

@ Call the subsets Wy, ..., Wq

@ Form a graph of Q nodes

@ Connect node W, with node W, if and only if Won Wy, = ()

@ On the edge between node W, and W, put mutual
information weight /(W,, W) defined by

I(Wa, Wp) = ZPWaqu (Twauw, (X))

Pw.ow, (mw.umw, (X))
Pw, (mw,(X)) Pw, (7w, (X))

log
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Greedy Algorithm

We construct a dependence tree with N/2 nodes and N/2 — 1
edges

@ Choose the pair of nodes whose edge has the highest
mutual information

@ Successively connect a node to the tree being constructed
having no overlap with those already selected and not
forming a loop and having highest mutual information

@ Continue until the tree has N/2 nodes whose associated
index subsets form a partition of /
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Dependence Tree Example

P(x1,...,x10 |¢) = P(x2, X4 | X1, X6, C)P(X5, X7 | X2, X4, C) X
P(x3, x10 | X2, X4, )P(xg, X9 | X1, X6, C)
P((1,x) | €) = Pioajiey (myoay (1 X) | w16y (1, X), €) Piszi2ay (myszy (1 X) | w24y (1, %), €)
Py3, 1024} (3,103 (1 X) | w243 (1, %), €) Pysgjie} (misey (1 X) | w16y (1 %), €)

Shows a dependence tree example for a measurement tuple with 10
components. Since each node has 2 indexes, the tree has five nodes. Each
edge is associated with the pair of indexes in the upper node combined with
the pair of indexes in the lower node thus forming a size 4 index set,
indicating an explicit dependence among the index sets.
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Graphical Models

@ All the examples we have shown are specializations
@ Let / be the index set for the random variables; / = {1,..., N}

@ Let (J1,...Ju) be ordered index sets

e Require nNJmpy1 =Sm#0, m=1,... M—1
e Require JyNJp=0, n>m+1
e Construct a graph. Make J;, ..., Ju be complete subgraphs
e Verify that Ji, ..., Jy are cliques of the graph
e The graph will be chordal
@ S, m=1,....M—1 are the separators

Then

M
P /
Pl(l; X) — H,C;f: Im (’/TJm( ,X))
Hm:1 Psm (ﬂ—sm(l7 X))
is the largest entropy distribution that is an extension of
Py,,,m=1,....M

21/23




The Graph

Py, (WJ1(I X)) Py, (7TJ2(/ X)) Py, (WJS(/’ X))
P31 7'('51 /X P52 7T32 /X

'

S, is called a separator of the nodes in J; and the nodes in J,
because if the nodes in S; are deleted, what remains of J; and
Jo are separated. In fact, if the nodes in S; are deleted, J; — S;
and (J> — Sp) U J3 are separated.
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Impact on the N-tuple Subspace Classifier

The Bledsoe and Browning N-tuple subspace classifier breaks
the full space into mutually exclusive subspaces and for each
subspace, estimates the class conditional probabilities.

Suppose {Hy, Ho, ... Hy} and {J;, Jo, ... Jz} are each covers of
/, the index set for the full space, satisfying the conditions of the
previous slides. Then for any class ¢, we can obtain two class
conditional probabilities Py and P,. How can we utilize these
two class Conditional Probability Functions? There are two
natural possibilities:

® S((1,x)|e) = Pu((/, x)|c)Py((1, x)[c)

o S((1,x)|e) = Pu((l,x)lc) + Py((1,x)|c)
Then assign (/, x) to class c satisfying

S((1,x)c) > S((I,x)|c), ¢ # ¢
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