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Conditional Independence Graph

Definition

A conditional independence graph G = (V, E) is an undirected
graph whose set V of nodes are the set of the random variables
and in which no edge between node i and J, {/, j} ¢ E means
variable X; is conditionally independent of variable X; given all
the remaining variables.




No Context
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Gain Matrix: Gain 1 for a correct decision 0 for an incorrect decision.
Therefore if there are Q decisions which are correct the gain is Q.

Assign measurement dp, to class ¢y, where class ¢, maximizes P(dm | ¢m)P(Cm)

56668 &




The decision making problem in context involves repeatedly
making measurements of units in a situation where there is a
dependency between the true classes from one unit to the next.

Definition
A decision rule using context is called a compound decision
rule.




Context: Hidden Markov Model

P(ci.....cu. h.....duy) = P(dh.....du|Ci.....cu)P(cr.....Cm)
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Context: Hidden Markov Model

P(cy,..., o, 0, ..., duy) = [ P dm | Cm Hl_[ Prmmt1(Cm | Cm+1)} P(cwm)
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where Py y.1(cm | Cui1) = P(cu)




Conditional Independence Graph

Cliques: {di, ¢1},{c1, €2}, {Ca, Ao}, {Co, €3}, {Ca, 3} . . . {Cm—1, Cm}, {Cm, A}

Separators C1, Co, Co, C3 ... CM-1, Cm




Conditional Independence Graph
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Context: Hidden Markov Model

Assign class ¢y, ..., cy which maximizes
M

l_l P(dn | ¢m)Pmm+1(Cm | Cmet) (1)

m=1
Since log is a monotonically increasing function the class assignment
Ci, ..., cy Which maximizes (1) will maximize

M
log P(cy, ..., cm, Oy,..., dy) = Z log P(dm | €m) 4109 Prm+1(Cm | Cm1)

m=1




The Trellis

log Py(c')

log Pp(c?)



@ w(m+ 1, k) is the weight of the best path from column 1 to node
k of column m+ 1

@ b(m+ 1, k) is the node of column m yielding the highest weight
to node k of column m+ 1

Initialization
for k=1,...,K

w(1,k) = logP(d;|c¥)

Column m + 1 Calculation
for k=1,...,K

wim+1,k) = Iog(P(dm+1|c"))+K£r11axK[W(m,/<)+Iog Pr.m1(c¥1c9)]

b(m+1,k) = arg maxK[W(m,K)+Iong,m+1(Ck|CK)]




The Trellis

log Py(c')

log Pp(c?)



The Trellis

log Py(c')
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The Trellis
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Viterbi Summary

The Viterbi algorithm determines the class sequence ¢y, ..., cy
that maximizes P(cy,...,cu, di, ..., dy) assuming that
P(d,....du | Cr,....cm) = TTM_, P(dm | cm) and that
P(ct,...,cm) = 1M, Pmmi1(Cm | €mi1)- The gain matrix that

is consistent with this assignment methodology is

1 ifc;‘...,c,’(4:c1,...,cM

sk * —
e(cy,...,Cpyi Ct1s- .., CMm) _{ 0 otherwise

Gain 1 if the assignment is completely correct; otherwise gain
0. There is no partial credit.

Viterbi Algorithm has the tendency to halucinate.



Bayes and Markov Processing System: BAMPS

What happens if the economic gain matrix is

M
e(cy,....Cyi C1s...,CM) = e(ch, Cm)
m=1

where e(c*, ¢) > 0 when ¢* = ¢ and 0 otherwise.

Assign (cy, ..., cm) to maximize the expected gain
Ele] = > e(c....CyiCt....cm)P(C; ..., Cys ..., )
(c5.Cpp)
M
= > > (G Cm)P(C; ..., Cys Ohs ..., d)
(cf.....cpp) m=1
M
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m=1(cj....Cy,)




BAMPS: Forward Backwards Algorithm

Assign (cy, ..., cy) to maximize the expected gain

M
Ele] = D @G, Cm)P(C] ... Cys G, .., )
m=1(c,....c;,)
M
= > > e(Cmm) D DL > DL PC . Cyy b, )
m=1 ¢, ¢ Crt Crt Cm

> e(Cyp> Cm)P(Chys O ... )
£

e(Cm,cm)P(Cm, ds,...,du)

when the gain matrix is diagonal.



BAMPS: Forwards Backwards

When the gain matrix is diagonal, assign ¢y, ..., ¢y to maximize
M
E[e] = Z e(cm, Cm)P(Cm, oi,..., dM)
m=1

When the diagonal entries are positive, for each m,
m=1,..., M, assign ¢, to maximize P(cpy, di, ..., dy).




Conditional Independence Graph
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Conditional Independence Graph
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BAMPS; Forwards Backwards

When the diagonal entries are positive, foreach m, m=1,..., M, assign cm to maximize P(cm, dy.,...,dy). For
2<m<M-1
P(em,dy,..ody) = D Y Y P, i A)
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BAMPS: Forwards Backwards
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The Trellis
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The Trellis
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Using the Graphical Model

Let X be the set of all random variables
Let A, B,Cc X

Let M(A) be the Markov Blanket of A
P(AIX-A)=P(A|M(A))
e Because the Markov Blanket of A separates A from
X - A-M(A)
If all paths between A and B go through C, then
P(AB|C)=P(A|C)P(B| C)
e Because C separates A from B




Pattern Dependent Graphical Model

a — b — Cfs~ """"" - On-2—dv-1— dy
| XX el IXIXI
cy e o “onv.e  CN-t

The Markov blanket (or boundary) of node ¢, is dn—1, dn, dpiq.
Therefore, ¢, is conditionally independent of

Cty---»Cn1,Cnti---»CNs A1s...,dn2,dni2,...,dy given
dn—1,dn, dn+1-

P(Cn | C1,...,Cn,1,Cn+1...,CN,d1,...,...,dN)
= P(Cn|d1 ..... dN)
= P(Cn | dn—17dna dn+1)



Patten Dependent Graphical Model

i — o — d3~ --------- - On-2—dv-1— dy
| XX el |><|><|
Cq Co C3‘ CN2 CN-1

The Markov blanket of node d,, is dp-10n+1, Cn-1, Cn, Cnt1-
Therefore dj, is conditionally independent of
C1,...,CN,d1,‘..,dn_2,dn+2,...,d/\/ given

dn—1 dn+1 »Cn-1,Cn, Cny1-

P(dn | C1,...,CN,d1,...,dn_g,dn+2,...,dN)
= P(dn | dr-1, Ans1, Cn1.Cn, Cpy1)



Patten Dependent Graphical Model

— O — Qg ==--eee- -~ On-2—dv-1— dy
IXIXI ety IXIXI
CN2 CN-1

All paths between nodes d,_y and d, 1 must go through one of
the nodes d, or ¢,. This means that d,_¢ is conditionally
independent of d,, 1 given d, and c;.

P(dn-1,0nt1 1 dn,€n) = P(dn-11dn, cn)P(dnt1 | dn, Cn)




Pattern Dependent Graphical Model

P(dn-1, dp, dri1, Cn)
P(dn—1 > dm dn+1 )
P(dn—1 5 dn+1 |d/7’ Cn)P(dna Cn)
P(dn—1 5 dn, dn+1 )
P(dn-11dn, €n) P(Ans110hn, €0) P(dhlcn) P(Cn)

P(Cn|dn—1 s dny dn+1 ) =

P(dn—1 5 dny dn+1 )




Pattern Dependent Graphical Model

Putting these conditional independences together, for
n=2,...,N-1

P(Cn|d1 ----- dN) = P(Cnldn—hdn, dn+1)
P(dn—1|dny Cn)P(dn+1|dnsCn)P(dnlcn)P(Cn)

P(dn—1 ) dny dn+1 )




Cliques and Separators

— O — O3 =--seeses - Ov-2—dy-1— dy
|><|><| "] XX
CN2 CN-1

There are 2N - 2 cliques and 2N — 3 separators.

{dy.db. c1}.{d1. 0o, Co). (. d3. G}, {0p. 0. C3). .. . {dy_1. AN Cn}
{dy.do},  {do,co), {do.d3),..., {dn-1.dN}




Cliques and Separators

N-1
- P(d1,dn,)P(dns 19, n) | P(y-1. 0. )
Plorondhoeed) = Pl dveen| [ == g e, Gy |~ Pla-1.ch)

TN, P(dp11dh. cn)P(dp11dh. cn) P(dnlcn) P(cn)

Sey...op Ty P(dk-11k k)P (dk+11dk, ck) P(dklck)P(ck)




Generalized Products

Definition

Let By, ..., Bk be index subsets of {1,...,N}. The product form
H,’f:1 ax(x; : i € By) is called a generalized product form if and
only if for some probability function P(x1,..., xn)

(*] P(X1,...,XN) = Hf:1 ak(x,- (e Bk)
@ P(x1,...,xn)is an extension of P(x;: i€ Bx),k=1,....K

V.




Generalized Products

Let By, ..., Bk be index subsets of {1,...,N}. Given marginal
probability functions P(x; : i € Bx),k =1, ..., K find functions
ak(x,- e Bk) such that

(] P(X1,...,XN) = Hf:1 ak(x,- (e Bk)

@ P(Xq,...,xn)Iis an extension of P(x;: i€ Bx),k=1,....K




Definition

Let S = {s1,..., Sy} be an index subset of {1,..., N}.
ns(x1,...,xn) is called the projection of (x1, ..., xy) onto the
index set S. ng(X) = (Xs;,....Xsy,) = (X : i € S).

If (X1,X2,X3,X4,X5) = (1,5,4,3,0) and S = {1,4,5}, then
75(1,5,4,3,0) = (x;: i € S) = (1,3,0).




Inverse Projection

Definition

Let h be a tuple whose components are indexed in index set S.
Let / be the index set for all the variables. The inverse
projection n,‘1 h of h with respect to / is defined by

7 (h) = (X1, o XN) | (X1, .. Xn) = h}




Let P be a probability function on N variables (xi,..., xy). Let
So,...,Sk_1 be K index sets of {1,..., N} covering {1,..., N}.
Fix k. Let h be a tuple whose components are indexed in index
set Sx: h= (X,' (e Sk)

Py =P(x:ieS)= >  P(X,....x)




Extension

Definition

Let P be a probability function on N variables (xj, ..., Xn). Let
So,...,Sk_1 be K index sets of I = {1,..., N}. Let fx be
marginal probability functions defined on tuples
hy=(xi:ie€Sk), k=0,...,K-1. Pis an extension of
marginals fi, ..., fx if and only if

fk(hk) = Z P(X1,...,XN)




